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Abstract

We consider the estimation and inference in approximate factor models with random missing
values. We show that with the low rank structure of the common component, we can estimate the
factors and factor loadings consistently with the missing values replaced by zeros. We establish
the asymptotic distributions of the resulting estimators and those based on the EM algorithm. We
also propose a cross-validation-based method to determine the number of factors in factor models
with or without missing values and justify its consistency. Simulations demonstrate that our cross
validation method is robust to fat tails in the error distribution and significantly outperforms some
existing popular methods in terms of correct percentage in determining the number of factors.
An application to the factor-augmented regression models shows that a proper treatment of the

missing values can improve the out-of-sample forecast of some macroeconomic variables.
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1 Introduction

Since the seminal work of Geweke (1977), Sargent and Sims (1977), Chamberlain and Rothschild
(1983), factor models have been widely used in economics and finance. Some important theoretical
contributions include Stock and Watson (1998), Forni et al. (2000), Bai and Ng (2002), Bai (2003),
Hallin and Liska (2007), Onatski (2009, 2010, 2012), and Ahn and Horenstein (2013), among others.

Nevertheless, all these authors assume a balanced panel in their asymptotic analyses.
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dence to: Liangjun Su, School of Economics and Management, Tsinghua University, Beijing, 100084, China; E-mail:
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Empirical data typically contain a variety of irregularities, including occasionally missing obser-
vations, unbalanced panel, and mixed frequency (e.g., monthly and quarterly) data. One simple way
to handle missing data is to omit the cross-sectional units with missing values; see, e.g., Ludvigson
and Ng (2007). But this will result in efficiency loss that can be substantial in some applications.
To handle the missing data problem in factor models effectively, two methods have been proposed:
the expectation-maximization (EM) algorithm and the Kalman filter (KF). These two methods have
been widely used to handle missing data for principal component (PC) estimation with missing data
and state space estimation with missing data. The details on how missing data are handled differ a
lot in PC and state space applications. For the PC estimation with missing data, Stock and Watson
(2002) propose an iterative method based on the EM algorithm that has proved to be easy and effec-
tive. Schumacher and Breitung (2008) apply Stock and Watson’s methodology to nowcast German
gross domestic product (GDP).

The state space framework has been adapted to missing data by either allowing the measurement
equation to vary depending on what data are available at a given time point or keeping the dimension
of the measurement equation to be the same over time by including a proxy value for the missing
observation while adjusting the model parameters so that the Kalman filter places no weights on the
missing observation. See Giannone et al. (2008), Mariano and Murasawa (2010), Doz et al. (2011),
Jungbacker et al. (2011), Pinheiro et al. (2013), Banbura and Modugno (2014), Bai and Li (2016)
and Marcellino and Sivec (2016) for variations on this latter approach. In particular, Giannone
et al. (2008) propose a two-step procedure that is able to solve the “ragged edge” problem in an
approximate factor model when data are observed at different frequencies. They estimate the model
by PC analysis with truncated balanced panel in the first step and update the estimates of factors
by the KF with unbalanced panel data in the second step. Doz et al. (2011) show the consistency
of the two-step estimators, and Bai and Li (2016) derive the asymptotic distribution of the Kalman
filter estimator. Jungbacker et al. (2011) propose a new state space formulation of the factor model
and apply the KF to estimate the underlying parameters with computational efficiency when the
observations are missing at random. In view of the fact that it is not straightforward to apply
Giannone et al.’s (2008) methodology to mixed frequency datasets with series of different lengths or,
in general, to any pattern of missing data, Banbura and Modugno (2014) propose a modified EM
algorithm to allow for an arbitrary pattern of missing data where the KF' is incorporated to estimate
the factors in the maximization-step. A drawback of their approach is that for large cross-sections,
the dimension of the augmented state vector becomes very large, which leads to computational
inefficiency. Pinheiro et al. (2013) also propose an EM algorithm to estimate a dynamic factor
model for panel data sets with jagged edge without significantly increasing the computation time
relative to the balanced panel case. In addition, Foroni and Marcellino (2013) survey methods for
handling mixed-frequency data, including dynamic factor models and alternative approaches; Stock
and Watson (2016) summarize the advantage and disadvantage of the state space estimation for
factor models with missing observations. During the revision, we found that Bai and Ng (2019b) also
consider factor analysis with missing data and show that in spite of missing values in the data, every

entry of the common component matrix can be consistently estimated using their tall-wide (TW)



algorithm that involves two applications of principal components.

Despite the popularity of the EM algorithm in empirical researches, the asymptotic properties of
the resulting estimators have been rarely studied. To the best of our knowledge, there is no formal
study of the asymptotic properties for the EM estimators of the factors and factor loadings for the
PC estimation with missing observations. As Bai and Ng (2019b) remarked, “While convergence of
the algorithm can be established, the asymptotic properties of the converged estimates are not well
understood.”

In this paper we consider the EM estimation of approximate factor models with missing observa-
tions. For simplicity, we focus on the case where the missing occurs at random and remark in the end
on the other forms of missing. As Stock and Watson (2016) remark, all the procedures in common
use adopt the assumption that the data are missing at random, that is, whether a datum is missing is
independent of the latent variables, and the missing-at-random assumption arguably is a reasonable
assumption for the main sources of missing data in dynamic factor models in most macroeconomic
applications to date. In the case of random missing, we draw support from the literature on matrix
completion in the computer science. It is well known that the low rank matrix such as the common
component matrix in factor models can be recovered in the presence of missing observations when
the noise matrix exhibit certain sparsity feature; see Cai et al. (2010), Candés and Plan (2010) and
Candes and Li (2011). We show that similar phenomenon occurs when the noise matrix does not
have any sparsity feature but has a lower order spectral norm than the common component matrix.
In computation, we can simply replace the missing observations by zeros and conduct the usual PC
analysis for a scaled version of the data matrix where the scale is determined by the percentage of
observed values in the data. We show that the resulting estimators of factors, factor loadings, and
common components are consistent but not asymptotically normal in general. Following the EM
algorithm, we replace the missing observations by such initial estimators of the common components
and obtain updated PC estimators. This procedure can be iterated until convergence. We show that
the final estimators of the factors, factor loadings, and PCs are asymptotically more efficient than
the initial estimators. We also characterize the efficiency loss for such EM estimators relative to the
PC estimators without missing observations.!

In some sense, the pure approximate factor model possesses the “self-fulfilling” property in that
one does not need to observe all values in the data matrix in order to estimate the factors, factor
loadings and common components and the missing values can be well recovered from the observed
data. Such a self-fulfilling property motivates us to propose a novel method to determine the number
of pervasive factors in approximate factor models no matter whether the original data contains
missing observations or not. Our key insight is that we can draw each observation at random with
probability p to construct the pseudo-data matrix with missing values. The original data are then
divided into two sets, with one set containing the training observations used for the PC estimation for
any prescribed number of factors (say, R) and the other set containing the held-out entries used for

the out-of-sample evaluation. Then we can construct a cross-validation (CV) objective function that

'"Recently, Athey et al. (2018) have developed new methods for estimating causal effects in panel data models with

missing values based on the matrix completion methods. But they do not provide any distribution or inference theory.



is indexed by R and choose R to minimize it. We show that this procedure consistently estimates
the number of true factors. The finite sample performance of this procedure can be improved via
iterations and some design for stability selection (e.g., Meinshausen and Biihlmann (2010)). Monte
Carlo simulations indicate that our new estimator of the number of factors significantly outperforms
some existing popular estimators including those based on either information criterion (Bai and Ng
(2002)), or eigenvalue distribution function (Onatski (2010)), or eigenvalue/growth ratio (Ahn and
Horenstein (2013)). Moreover, our simulations also demonstrate that our new estimators are robust
to fat tails in the error terms.

The paper is organized as follows. Section 2 introduces the EM estimators of factor models with
random missing and their asymptotic properties. Section 3 proposes a novel method to determine
the number of factors in approximate factor models. In Section 4, we report the Monte Carlo
simulation results for our EM estimators of the factors, factor loadings and common components,
and compare our method of determining the number of factors with the methods of Bai and Ng
(2002), Onatski (2010), and Ahn and Horenstein (2013). In Section 5, we apply our method to an
empirical application and show that it helps the out-of-sample forecasts based on factor-augmented
regressions. Final remarks are contained in Section 6. The proofs of the results in Sections 2 and 3
are relegated to Appendices A and B, respectively. The proofs of the technical lemmas and theorems
in Appendices A and B along with some additional simulation results can be found in the online
supplement.

NOTATION. For an m x n real matrix A, we denote its transpose as A’, its entrywise Lo, norm
as ||A||,, (= max;¢|Ayl), its Frobenius norm as [|A|| (= [tr(AA")]'/?), its spectral norm as 1Al
(= /i (A’A)) and its Moore-Penrose generalized inverse as AT, where = means “is defined as”
and pg () denotes the sth largest eigenvalue of a real symmetric matrix by counting eigenvalues of
multiplicity multiple times. Note that the two norms are equal when A is a vector. We will frequently
use the submultiplicative property of these norms and the fact that ||A||y, < [lA] < HAHSprank(A)l/2 .
We also use i, (B) and g, (B) to denote the largest and smallest eigenvalues of a symmetric
matrix B, respectively. We use B > 0 to denote that B is positive definite. Let P4y = A (A’A)" A’ and
My = I, — Pa, where I,,, denotes an m X m identity matrix. The operator £ denotes convergence
in probability, 4, convergence in distribution, and plim probability limit. Let V and A denote
the max and min operators, respectively. E.g., N VT = max(N,T). Let [N] = {1,2,...,N} and
[T] = {1,2,....,T}. We use (N,T) — oo to denote that N and T pass to infinity jointly. We let

(SNT:\/N/\\/T.

2 Large Dimensional Factor Models with Random Missing

In this section, we consider the PCA estimation of large dimensional factor models with observations
that are missing at random by assuming the true number of factors is known. We will propose a
novel cross validation method to determine the number of factors in the next section.

For simplicity and clarity, we shall work on the approximate factor model of Stock and Watson

(2002), Bai and Ng (2002) and Bai (2003) when missing at random observations are present. In this



case, Stock and Watson (2002) propose an iterative method based on the EM algorithm that has
proved to be easy and effective. Despite the popularity of the EM algorithm in empirical researches,
there is no formal study of the asymptotic properties of the resulting estimators of the factors and
factor loadings. Below we propose to obtain the initial estimators in the EM algorithm by replacing
the missing values in the data matrix by zeros and show that one can derive the asymptotic distri-
butions of such initial estimators and the resultant iterative estimators. As the iterative estimators

converge to the EM estimators, the asymptotic properties of the EM estimators can be derived.

2.1 EM Estimation

We consider the following factor model
Xt = NFy + €it, (2.1)

wheret =1,...., N, t=1,...,T, F; and \; are Rx 1 vectors of factors and factor loadings, respectively,
and ¢;; is the idiosyncratic error term. Following the lead of Stock and Watson (2002) and Bai et
al. (2015), we study the estimation of the factors and factor loadings when some of the observations,
X, are missing at random. Let X = (X1,..., Xy) and € = (e1,...,en), where X; = (Xi1,..., Xir)'

and &; = (g51,...,ei7) for i =1,...,N. We can write (2.1) in matrix form:
X =FAN +¢ (2.2)

where F = (Fy, ..., Pr) and A = (A, ..., Ay)’. We will use FO = (F?, ..., F%)/ and A% = (XY, ..., \%)" to
denote the true values of F' and A, respectively. Let €2 C [N]x [T] be the index set of the observations
that are observed. That is,

Q= {(i,t) € [N] x [T] : Xjt is observed} .

Let G denote a T' x N matrix with (¢,4)th element given by gi: = 1 {(7,¢) € 2} . Under the random
missing mechanism, g;;’s are independently and identically distributed as Bernoulli(q) with ¢ € (0, 1]
and independent of X, FY, AY and e. So the population missing probability is given by 1—¢q € [0, 1).
Let || denote the cardinality of the set Q. It is easy to see that § = || /(NT) is a v/ NT-consistent

estimator of gq.

2.1.1 The initial estimates

Let X = X oG and Xit = X;+g;t, where o denotes the Hadamard product. Our key observation is
that the common component
CO = FOAOI

is a low rank matrix and ¢ is the noise component. In this case, it is possible to recover C° even
when a large proportion of elements in the data matrix X are missing at random.

Let <1X]F0, A0> denote the T' x N matrix with a typical element given by E (lXit|Ft0, A?) .

q q

Under the standard condition that E (g4|FY, )\?) = 0, we can readily verify that E (%X |FO, A0> =

5



FOAY 2 This motivates us to estimate F© and A° by minimizing the following least squares objective
function /

L0 (F,A) = %tr Kéx _ FA’) (%X _ FA’) } (2.3)
under the identification restrictions: F'F/T = I and A’A is a diagonal matrix. By concentrating
out A and using the normalization that F'F/T = Ip, the above minimization problem is identical
to maximizing q%tr{F 'XX'F}.3 The estimated factor matrix, denoted by F(© is /T times the
eigenvectors corresponding to the R largest eigenvalues of the T' x T matrix ﬁqQX X'

(2.4)

where DO is an R x R diagonal matrix consisting of the R largest eigenvalues of (N T(jQ)_1 XX/,
arranged in descending order along its diagonal line. Then the estimator of A’ is given by

MO = 2 (PO FO) OIS - OIS (25)

Let Ft(o) denote the tth column of F(© and 5\1(-0) the ith column of A(®Y. We can obtain an initial
estimate of the (,7)th element, CY,, of CY by C’,ft() ) = 5\50),}7}(0) . We will show that the initial estima-
¢ ~(0) ;(0)
ors Fy 7, A

; and C’Z(? ) are consistent and follow mixture normal distributions under some standard
conditions.

2.1.2 The iterated estimates

Despite the consistency of the initial estimators, they are not asymptotically efficient. To improve
the efficiency, we consider iterative estimators. Let £ > 1 be an integer. Suppose that we have
obtained the estimates Ft(e_l), 5\1@71) and CA'l(f U n step ¢, we can replace the missing values (X;;)
in the matrix X with the estimated common components C’Z(f ~U_ Define the T'x N matrix X with

its (¢,7)th element given by

(0 X; if (i,t) € Q
Xz(t) = ééf—l) . . ) 14 2 ]-a
it if (i,t) € Q1

where Q, = {(i,t) € [N] x [T]: (i,t) ¢ Q}. Then we can conduct the PC analysis based on X
under the identification restrictions that F'F/T = Ip and A’A is a diagonal matrix. The estimated

2The idea of scaling the matrix X/q can be traced back to the machine learning literature; see, e.g., Negahban and
Wainwright (2012). Their interest focuses on matrix completion in the matrix norms under noisy sampling and for

both exact and near low-rank matrices, while our work focuses on the estimation of the factors and factor loadings.
3Following the lead of Bai and Ng (2002), one can alternatively consider concentrating out F under the identification

restrictions that A’A/N = Ir and F'F is a diagonal matrix, which is computationally more efficient if 7' >> N. The
estimates of F' and A will be different, but the estimate of C = FA’ would be the same. The theoretical analyses below
can be derived analogously with apparent modifications.



factor matrix, denoted by F (@) is /T time the eigenvectors corresponding to the R largest eigenvalues
of the T' x T matrix ﬁX(@X(@’ :

1 o i A
A sogwpo _ popo
X X EO = FODY,

/

where DO is a diagonal matrix consisting of the R largest eigenvalues of ﬁ)&' 0 x©® arranged in

descending order along its diagonal line. Then the estimator of A’ is given by
Ay _ ( [20% p(e))‘l oo _ L oo
T

O

%

Let Ft(g) denote the tth column of F® and );” the ith column of A, We obtain the updated

estimate of C’Z-Ot by CA’Z@ = 5\56)/1:1((). We will study the asymptotic properties of E(Z), 5\56) and C’ff ),
£=1,2,..., below.

Remark 1 (Connection with Stock and Watson’s (2002) EM estimation) Stock and
Watson (2002, SW hereafter) propose an EM algorithm to conduct the PC analysis for panel data

with missing values. The least squares objective function they consider is given by

N N
V (F,A) = %tr (X = FN) oG] [(X — FA') 0 G]'] = LT Z;Z; (Xt — NF3)? gt
i=1 i—=

Minimization of V (F,A) requires iterative methods. SW motivate the EM algorithm by assuming
that €;’s are independently and identically distributed (i.i.d.) according to N (O, 02). They suggest
various ways to obtain the initial estimates. For example, when the full dataset contains a subset
constituting a balanced panel, they suggest using estimates of the factors from the balanced subset as
the starting value Ft(o). Given the estimates C’ff U at stage £ — 1, our construction of the expectation
object Xi(f ) is the same as SW’s and so is our fth stage estimator. But SW do not provide any
theoretical justification for their EM estimates. They study neither numerical convergence of the
EM algorithm nor the asymptotic properties of the EM estimators. In contrast, with our well-
chosen initial estimators, we will show that our proposed procedure attains numerical convergence
and formally establish the asymptotic properties of the resulting EM estimators.

~ ) «(0
2.2 Asymptotic properties of the initial estimators Ft(o), )\( )

, and CA’Z-(tO)

Let M denote a generic finite positive constant that may vary across lines. We make the following
assumptions.
Assumption A.1 (i) max; F HFI‘/OHAL/71 < M for some v; € (0,1) and T-tFYF0 RN Yo > 0 for
some R X R matrix X po as T — o0.

(i) max; E H)\?HMV2 < M for some 7, € (0,1) and N~1AYA0 L, Yp0 > 0 for some R x R matrix
Yp0 as N — o0.

(iii) max; ; E[(A\YFP)"] < M.

(iv) The eigenvalues of ¥ 0¥ o are distinct from each other.



(v) NTIAYA? — 5y = Op(N~Y2) and T-1FYFO — Sy = Op(T1/2).

Assumption A.2 (i) E (ey|\), F?) =0, E (¢};) < M, and |||, = Op(max(V'N, VT)).
(1) maxy >0y [y (5,8)] < M, where vy (s,t) = N7V SN [E(gisen)| -
2
(iii) max; s F )N‘1/2 Ziil [eiteis — E (eiteis)]’ < M.

Assumption A.1 parallels Assumptions A-B in Bai (2003) and Assumption A.2 is analogous to
Assumption C in Bai (2003). The major difference is that we require both the factors and fac-
tor loadings have finite moments higher than the usual fourth order. Bai and Ng (2002) and Bai
(2003) assume finite fourth moments for F but require that A? be uniformly bounded. Assump-
tion A.1(v) imposes the standard convergence rates for N 'AYA? and T-'F¥FO. It implies that
p (R FOAYAOFYY — 02 = Op (63) for v = 1,..., R, where 02 = i, (50X o) . Assumption A.2(i)
is also assumed in Su and Chen (2013), Lu and Su (2016), and Moon and Weidner (2017). In par-
ticular, Moon and Weidner (2017) demonstrate that this condition can be satisfied for various error
processes.

The following theorem establishes the mean squared convergence of Ft(o). Define
FI(O) — (N—lAOIAO) T_lFO,F(O) (D(O))—l’

where D© is asymptotically nonsingular by Lemma A.1.

. . 2
Theorem 2.1 Suppose Assumptions A.1 and A.2 hold. Then %HF(O) —FOH(O)H = Op (51_\721“)

where 5NT:\/N/\\/T.

Theorem 2.1 reports the mean squared (MS) convergence rate of Ft(o). It implies that we can
estimate the space spanned by the columns of F0 consistently.

To proceed, we assume the following limiting objects exist and are finite:
- 1—q 2
Figt(q) = limy_Var [ — Neigie |, Ta +(¢) =plimpy_, oo ——— AN (A E0Y=
g 00 /—Nqiz_;zll g NooqN;zz(zt)

T T
) 1 . 1—gq 2
Dy (Q) = limp_,Var (Fq ;FtOEitgit> , Pog i (Q) = thT—m—qT ;FtOFtO/ ()‘?IFtO) :

Let
I‘g,t (Q) = Flgﬂf (Q) + I‘257775 (Q) and (I)g,i (Q) = (I)lg,i (Q) + (D2g7i (q) .

Note that I'y;; and ®2,4; and therefore I'y; and ®,; are generally random objects under our as-

sumptions that allow for random factors and random factor loadings. To study the asymptotic

distributions of Ft(o) A9 and ¢V

S A > we add the following assumptions.

2
< M,

4
T N
<MorkFE Hﬁ Y osm1 Qe FsOXi,st

Assumption A.3 (i) Either max; s £ H\/_IN ZiL Xi,st
where Xi,st = Cit€is — E (sitsis) .

2
. SR
(i) B ‘_\/}V_T S et iy FONes|| < M.




(111) Let Oijts = FE (5itaj3) . max; ]\771 sz\il O tt < M, maxi<¢<T Nil Zi\il Zjvzl ’Uij,tt’ < M,
maxi<i<y T3y Y1 lowiesl < M, and (NT) 7L 0N, ST S0 ST ol < M.

d
ﬁ Zfil Neitgi — N (0,T'144),

. d
(ii) ﬁq 25:1 FPeitgit — N (0, ®14;) .

Assumption A.4 (i)

The first part of Assumption A.3(i) strengthens Assumption A.2(iii) and is also assumed in Bai
and Ng (2002, Assumption C.5) and Bai (2003, Assumptions C.5 and F.1). Bai (2003) assumes that
the second part of A.3(i) holds simultaneously with the first part, which we do not need. In the special
case where E(FQx; o) # 0 for enough (s,t) pairs (e.g., when E(F) = 0 but E(Fe;e;) # 0 for all
s > t), the second part of A.3(i) is not satisfied. Assumption A.3(ii) is the same as Assumption F.2
in Bai (2003), and Assumption A.3(iii) is comparable with and slightly stronger than Assumption
C.2-C4 in Bai and Ng (2002) and Assumptions C.2-C.4 and E.1-E.2 in Bai (2003). Assumption
A.4(i)-(ii) is parallel to Assumption F.3-F.4 in Bai (2003) and reduces to the latter in the case when
git =1 for all (i,%).

Let Gy, = o({gjt,j < 4),A% F?), the minimal sigma-field generated from {gj;, j <i} and
(A%, F?). Let Gt = o (UX_, Gl ) - Analogously, let Gr, = o ({gis, s < 1), \), FO), G = o (UX_,Gip) ,
and G = o (Qi U Qt) .

The following theorem presents the asymptotic distributions of Ft(o), 5\1(-0) and C’ff ) based on the

notation of stable convergence.

Theorem 2.2 Suppose Assumptions A.1-A.4 hold. Suppose that (TV/? + Nl/z)éjvgf = o(l). Let
ﬁgo) = \/N(Ft(o) — HOYEDY and fI(O) \/T(S\Z(O) — (HOY=1)\Y). Then as (N,T) — oo

(i) Iy = (D)1 L >’F°f SN N, + Op (NV2532) — N (0,D7'QUy4 (¢) QDY) G
stably,

(i) T = HOV S0 FPGy + Op (TV2637%) — N (0,(Q) '@y () Q") G'-stably,

_1/
(iii) (F20 (@) + 500 @) (6 - ¢8) = N (0,1),
where € = gt N FL (git — 0) . Sy (@) = NE1iTg () 3 and B, (q) = FYSpi @, (q) S5 FP
signify the contributions of the factor and factor loading estimators to the asymptotic variance of Cz-(to ),

respectively, and D denotes the diagonal matriz consisting of the eigenvalues of 21/22F021/2 wmn de-
scending order with the corresponding eigenvector matriz denoted as Y such that Y'Y = Ip and

Q= D1/2T,2X§/2'

Theorem 2.2 parallels Theorems 1-3 in Bai (2003). Bai (2003) obtains the asymptotic nor-
mal distributions for his estimators of factors and factor loadings. In contrast, we show that the
sequence{ﬁg?\;, N > 1} converges G'-stably as (N,T) — oo to a mixture normal whose asymp-
totic variance is random but measurable with respect to certain limit sigma-field, and similarly, the
sequence {f_[l(%), T> 1} converges Gi-stably as (N,T) — 0o to a mixture normal whose asymp-
totic variance is random but measurable with respect to certain limit sigma-field. We refer the

reader directly to the Hausler and Luschgy (2015) for stable convergence in general and the stable



(0)

martingale central limit theorem in particular. To understand the limiting distribution of f_[t?v in
Theorem 2.2(i), we notice that its influence function depends on &;; through two terms, e;:g;; and
)\?’ F? (git — q) . The first term also appears in the influence function for the factor estimators in the
absence of random missing at time ¢ (i.e., g = 1 Vi) while the second term is introduced by the
random missing mechanism. Due to the presence of common factor F? for all cross-sectional units,
Tlvq Zi\; LAY FO (gt — g) does not have a limiting normal distribution. Instead, it converges to
N (0,T94¢) G'-stably as N — oo, where N (0,4 ¢) can be regarded as a normal random vector with
random variance given by I'gy ;. In the special case where F? is nonrandom, the limiting distribution
reduces to the usual normal distribution. Similar remarks apply for f_[gg) in Theorem 2.2(ii). Theorem
2.2(iii) only reports the limiting distribution for the normalized common component estimator. One
can also follow the analyses of parts (i)-(ii) in the theorem and report the stable limiting distribution
of 5NT(CA'Z-(,?) —C%) as (N,T) — cc.

By Corollary 6.3 in Hausler and Luschgy (2015) and the Cramér-Wold device, we can show that

[(D7'QT,, @' D] 211 4 N (0,15) as (N,T) — oo, and
(@) '0,,Q7 1] 119 4 N (0,Ig) as (N,T) — oo

With these results and the result in Theorem 2.2(iii), we could make inference on the factors, factor
loadings, and common component. Since these estimates are not the final estimates, we will study

the asymptotic properties of the iterated estimators of these objects later on.

2.3 Asymptotic properties of the iterated estimators of the factors and factor
loadings

Let HO = (N_IAO’AO) T_IFO’F(Z)(ﬁ(E))_l. To study the asymptotic properties of Ft(é) 5\(@ a

» N\

nd

C’ff ), we add the following assumption.

Assumption A.5 (i) max, H% Zf\;l Cl,z’tH = Op ((N/In N)~Y/2) and max;
Op ((N/ In N)*l/Q) , where (q ;; = Neirgir and NAYED (giy — q) .
% Zthl C2,it =0p ((T/ In T)fl/Q) , where Cz,it = Ft05itgit and Fto)\?,FtO (git —q).

() mae | s G| = Op (553 10 9) e ma |t 3% 5504 PN g )i — )|
= Op (657 In N) , where (3 515 = FP [eueis — E(eicis)] gitgis, FOFI N eirgin(gis—q) and A F'e;9,4(gi—
q)-

1 N 0
N Zizl )\¢ €itGitGis

(ii) max;

Assumption A.5 imposes some high level conditions that are similar to those imposed in Su et
al. (2015) and Su and Wang (2017). Following these authors, one can verify Assumption A.5 under
some primitive conditions on {)\?,Fto,sit}. The conditions in Assumption A.5 are needed for the
establishment of the uniform convergence results in Theorem 2.4 below. They still allow weak cross-
section or serial dependence in the error terms or weak serial dependence in the factors but do rule
out unit-root type nonstationary behavior or long-memory behavior along the time dimension in the

error terms and factors. When unit root or long memory is of concern in factor models with random
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missing, we admit that our assumptions (similar those of BN and Bai (2003)) will be violated and
one needs to specify a different set of assumptions. But this goes beyond the scope of the current
paper and is left for future research.
The following theorem establishes the mean squared convergence of Ft(g).
. NINTP:
Theorem 2.3 Suppose Assumptions A.1-A.5 hold. Then % HF“) — FOH(@H =0Op ((5;\%) for each
l.

(0

The following theorem reports the asymptotic distributions of Ft( ) A and C’Z(f ),

Theorem 2.4 Suppose Assumptions A.1-A.5 hold. Suppose that \/N(TVI/‘L(S]_VQT InT 47T~ 1301/4) =
o(1) and VT(N"2/45 2 In N + N71372/4) = o(1). Let ﬂ%\), = \/N(Ft(e) — HO'FD) and H(Z) =
VTOY — O\, Then

(i) f[g\), = DilQﬁ SN Neigi + (1 —q) ﬂg\fl) + op (1) uniformly in t and

1% % N©0,D'QTy () QDY) as (4,N,T) — o
(i) I = (@)L T Feugi + (1 — ) T + 0p (1) wniformly in i and
iT VT 2ut=1 Lt Citit q) 1L op unformiy n 1 an
Ml 5 N(0,(Q) " @14 () Q7Y) as (6, N, T) — o0,

(iii) (£ S1mi + 2S0a0) V2CY — €0 L N (0,1) as (¢, N,T) — oo
where I'g ¢, 14,5, D and Q are as defined in the last subsection, and X1y = )\?'ZX&Flg,t (q) EX&)\?,
and X5 it = FtO’Z;,é(I)lg,i (q) E;,(];Fto signify the contribution of the factor and factor loading estima-

tors to the asymptotic variance of C’z(f ) for large £, respectively.

Remark 2 Note that I'y ; (¢) = T'1g,¢ (¢)+T'2g,¢ (¢) and @4 (q) = P14,i (¢)+P2gi (¢) - A comparison

of Theorem 2.4 with Theorem 2.2 indicates that Ft(f), 5\1@ and C’ff ) are asymptotically more efficient
~(0) 1(0)

than F;7, A;

; and C’Z(? ), respectively. In theory, the distributional results in Theorem 2.4 require

¢ — oo. In practice, £ can diverge to infinity at an arbitrarily slow rate. To see this point, we take
a close look at the iterative relationship between flgf\), and ﬁ%v_l). Let Bp, = % ZZ]\L 1 A?eitgit. Note
that the result in Theorem 2.4(i) implies

-1

iy =D 1Qfﬁpt2 1—q)°+ (1 — ) 11 + 0p(1),

where the first term is the dominant term and the second term can be made arbitrarily small for
sufficiently large £. In practice, we find it is not necessary to iterate too many times so that we can stop
the iteration when (1 — ¢)° is small enough. For example, we can iterate £* times such that (1 — ¢)* =
ent for some small positive number ey7. Simulations suggest that £* = |In(enr)/In(1 — ¢)| with
eyt = 0.001 works very well for all data generating processes under our investigation. Note that
0¥ =3, 4, and 5 for ¢ = 0.9, 0.8, and 0.7, respectively. This suggests a small number of iterations is

sufficient.
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Remark 3 (Comparison with the oracle estimators) We can also compare the asymptotic
variances of our EM estimators with those of the oracle estimators that are obtained in the absence of
missing values (viz., ¢ = 1). For example, we consider the factor estimation and use Ftomde to denote
the oracle estimator of F with the corresponding rotational matrix Heracle Tt is well known that the
asymptotic variance-covariance (Avar) of /N (Fpracle — froracle’ 0y g given by D~1QU9rce/ D=1,

where

ZH

—00

N
poracle A}im Var (— Z )\?Eit> .

In contrast, by the law of iterated expectations

+F

N—o0

}

N
1
Var [ —— ) Nejgi|A° e
(\/]—Vq; ztgzt’ )

- 1-q (1
= lim < Var | ——= E Neyw | + —F | = E N2
N=eo { ( VN o t) q (N i=1 t

> Fgracle ]

I'igt(g) = lim {Var

N
1
El—=) MNeygu|A® e
( Nq; ztgzt|

The difference, T'1g; (q) — 9% given by limy_,c0 1—;‘1E (% Zf\il A?A?’s%t> , reflects the cost of
missing (1 — ¢) proportion of observations. The larger proportion of missing observations, the larger

value I' g ¢ (q) is. In the absence of cross-sectional correlation among {)\?ait} , it is easy to verify that

N
1 1 1
r = - lim E =Y AAVe, | = =Ty
lgvt(Q) q N—oo (N; 1\ St q t
So q reflects the relative asymptotic efficiency of the EM estimator compared to the oracle estimator.
Analogous remarks hold for our EM estimators of the factor loadings.

With the results in Theorem 2.4, we can make inference on the factors, factor loadings, and
common component. Below we focus on the inference on the factors due to the widespread use of

estimated factors, say, in various factor-augmented regression or forecasting models.

2.4 Inference on the factors
(0)

Let Ft, 5\1-, and Cj denote Ft(z), 5% , and CA'z(f ) respectively, when £ — oco. To make inference on the
factors, we need to estimate the asymptotic variance Vi = D_lQIHgﬂg (¢) @' D! consistently. By
Lemma A.1 in the appendix, we can consistently estimate D by the diagonal matrix D = D) that
contains the R largest eigenvalues of (IV T)_1 X (00) X (00}, arranged in descending order. So the key
is to estimate QT'14+@Q’ consistently.

To estimate QT4 (¢) @', we consider two cases: (1) {)\geitgit} are cross-sectionally uncorre-
lated; (2) {/\?atgit} are cross-sectionally correlated. In Case (1), we have a simplified expression for

Tt (q)
N N
Tigq(q) =i LS Var (M) = i LS B0 (9)?
19,6 (@) = 1mN—>ooNq2 Z ar( ié“ztgzt) = 1mN—>ooNq2 Z R CHNE
i=1 i=1
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where €Y, = €;;9;+. Noting that with H=H® 12 0 by Lemma A.4(iii) in the appendix, it is
easy to show that a consistent estimator of QI'14+ (¢) Q' is given by

~

where &%, = (X;1 — Cit) git.-

In Case (2), for simplicity we consider the case where the factor loadings are nonrandom and the
process {e;t, t > 1} is covariance stationary. Let &% = (sﬁ’t, €9y ey 5?\”),. Let ¥9 = E(e%¢%) = {Ufj},
which is an N x N matrix. Then I'ig; (q) zlimNHOONLqQVar(AO’si) :limNHOONLqQAO’EgAO. Suppose

= op (1). Then we can readily show

that 39 is a consistent estimator of 3¢ in the sense Hig —>9
sp

that a consistent estimator of QT'14+Q’ is given by

P — 1 jisj

Fortunately, a feasible consistent estimator of ¥9 is available as €7, can be estimated by &%, and

there is no need to estimate the error terms corresponding to those missing observations. To see this,

define
T T
&g_l égég and@--—l égég_é_y 2
iy T it~ gt LV T it~ gt i
t=1

We follow the lead of Fan, Liao and Mincheva (2013, FLM hereafter) and propose to estimate %9 by

9 — {&%ZT} , where

59T — &l if i = j
K Sz'j((}gj) if ¢ 7é ]

where ;5 (-) is the soft thresholding function: s;; (2) = sgn(2) (|2] — 745),, Tij = cowNT(éij)l/Q,

wnt = [max(N~1472/2 7= InT)]Y/2, and ¢y is a positive constant.* We will show that Hig — X9

sp

op (1) under some additional conditions.
When AY is random, the above procedure also works under the additional restriction that Var (e,gt ]AO)

=Var(g%) = ¥9. To see this, we notice that by the variance decomposition formula, we have
. 1 . 1
T,1(q) = thHooN—(ﬂE [Var (AO'E,%]AO)] + thHOON—(fVar (E (AO'E%]AO))

= limN_,ooNLQQE [A”Var (e4]A%) A°] +0 = limN_mNLqQE [AYZ9A0] .

N+12E [AO' EgAO] can be estimated in the same procedure as outlined above.
(2
1g

To allow for possible cross-sectional dependence, we recommend using I + and will justify the

consistency of this estimator below. To proceed, we add the following assumption.

‘In our simulations and applications, we let co = 1. In most situations, when co = 1, %9 is positive definite.
Otherwise, we choose ¢o to be the smallest value such that £9 is positive definite. For details, see FLM’s Section 4.
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Assumption A.6 (i) The process {€, t > 1} is covariance-stationary with covariance matrix 39 =
E(e%e%) = {03, }.
.
(ii) There exists 5 € [0,1) such that max; ), ’afj’ P <M.
(iii) Let wyp = [max(N~1*72/2 7= nT)|V/2, 7=1240/4(N2/4 4 T/ (InT)Y? — 0 and
T /4 3 NY2 0 as (N, T) — oo.

Assumption A.6(i) is typically assumed in the literature when there is no missing value. Assump-

tion A.6(ii) strengthens the standard weak cross-sectional dependence condition max; Zj Ufj
O (1); see, e.g., FLM. It is satisfied if €%’s satisfy certain m-dependence condition cross-sectionally
or the correlation between &, and egt vanishes sufficiently fast as the “distance” between i and j in-
creases, perhaps after reordering of the data along the cross-sectional dimension. Assumption A.6(iii)

imposes further restrictions on the relative magnitude of N and 7.

The following theorem reports the consistency of D‘lflgytﬁ_l.

Theorem 2.5 Suppose that Assumptions A.1-A.6 hold. Then ﬁflf‘lg’tﬁfl RN D™1QT1,4 (q) Q' D71,
where f‘lg,t = ngg)t

Given the above result, we can make inference on the global factors. The procedure is standard

and omitted for brevity.

3 Determining the Number of Factors via Cross Validation

In this section, we propose a novel method to determine the number of factors via cross-validation
(CV). In comparison with existing methods, our method has the following features. First, our method
is inspired by the results in Section 2. With the theories in Section 2, it seems natural to consider a
CV method to determine the number of factors. The key insight for such a method to work is that
we can consistently estimate the common component for the factor models with random missing.
Therefore we can randomly hold some observations for the out-of-sample evaluation and use the
remaining observations to estimate the common component. Second, our method can be used no
matter whether there are random missing observations in the original data matrix or not. In contrast,
all popular existing methods for the determination of the number of factors do not allow for missing
values without suitable modifications. Third, as our simulations show, our method works well in
a variety of scenarios in comparison with existing methods adjusted to incorporate missing values.
Fourth, like many existing methods, our CV method is easy to implement and computationally
efficient.

For notational simplicity, we first focus on the CV method when the original dataset does not

have missing value problems and then study the case with missing values.
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3.1 The cross validation method

Let R denote the generic number of factors with the true value given by Ry. The key insight for
our CV method is that one can consistently estimate the common component for the factor models
with random missing. Given the 17" x N matrix of observations X, we propose to randomly sample
elements in X with a fixed probability p € (0, 1) and leave the rest (1 — p)-proportion of observations
as held-out entries for the out-of-sample evaluation.

As before, let Q* C [N] x [T] be the index set of the training entries and Q% the index set of the
held-out entries. Define the operator Po« : RTXN — RTXN hy

(PorX)y; = Xitgyy = Xl {(i,t) € @},

where g, = 1{(i,t) € Q*}. Let G* denote a T' x N matrix with (¢,4)th element given by g. Now we
can regard Po«X as the T' x N data matrix with missing values replaced by zeros. Given P« X, we
apply the proposed EM algorithm to recover the data via estimating the common component matrix
C for any given number of factors.

To proceed, we consider the full singular value decomposition (SVD) for %PQ*X :

1 TAN
“PypX =USV' = Uy 0.5

where U = (i1, ..., i) and V = (@1, ..., D) are respectively the T’ x T matrix of left singular vectors
and N x N matrix of right singular vectors of %PQ*X ,and ¥ is the T x N ‘diagonal” matrix that
contains the singular values, 61, G2, ..., 07AN, arranged in descending order along the main diagonal
line. Given any R < T'AN and the training entries in Po« X, we can estimate the common component

C by the singular value thresholding procedure:

R
- 1 o
Cr =Sy <;PQ*X, R> = UrSrVh = Y _ 06y, (3.1)
r=1
where Sy (-, R) is the rank-R truncated SVD of -, the subscript H stands for hard thresholding,
Up = (U1, ..., UR), Vi = (01, ...,0R), and YR =diag(d1,...,0r). We can regard Cr as a matrix-
completion version of Pn+X. Let C~’R7,~t denote the (¢,7)th element of Cr for R> 1. Let C’gﬂ;t =0 for

all (7,t) . We propose to choose R to minimize the following CV criterion function

VIR = > [Xit_éR,itr- (3.2)

(1,t)e

Let R = arg ming<p<p,,.. % (R) where Rpayx is a fixed integer that is no less than Ry. We will show
the consistency of R under some regularity conditions.

Note that the CV function in (3.2) is based on the initial estimator Cr of the common component
matrix C°. As demonstrated in the last subsection, one can update the estimator of C? via the EM

algorithm and obtain a more efficient estimator of C. It is expected that using such a more efficient
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estimator would yield better finite sample performance for the choice of the correct number of factors.

As before, let C’g))it = C~'R7¢t and ¢ > 1 be an integer. Suppose that we have obtained the estimates
-1

nit - In step £, we can replace the zero elements in X* = Po+ X with the estimated common

1)(),“.5 Define the T x N matrix X*® with its (t,7)th element given by

a;

components C’gm

- X; if (i,t) € QF
Xit(g) = AZE—l) 1 (Z ) , 2>, (3.3)
CRmax,it if (i,t) € O

where 0 = {(i,t) € [N] x [T]: (4,t) ¢ @*}. Then we can conduct the singular value thresholding
procedure:

E) = S (K70, R) = 00SPVL. (3.4)

where U g)lﬁg) = Ip, Vg)lvg) = Ig, and i%) is a diagonal matrix that contains the R largest

singular values of X*(® arranged in descending order along its diagonal line. Following Remark

2, we recommend repeating the above procedure for ¢ = 1,....,0* = |In(enr)/log(p)]| where, e.g.,
ent = 0.001. Let Cp = C’g*) and R = arg ming<r<p,.. cV (R) , where

V(R = Y [Xu—Cral . (3.5)

(i,t)eQ

We will show the consistency of R under some regularity conditions.

Remark 4. Recently, Zeng, Xia, and Zhang (2019, ZXZ hereafter) proposed a double CV method
to determine the number of factors consistently. Our approach differs from theirs in two aspects.
First, ZXZ’s method applies CV twice, first along the directions of observations (i.e., along ¢ in our
notation by K-fold CV) and then variables (i.e., along 7 in our notation by leave-one-out CV). In
contrast, our CV method applies CV only once over random splitting of the NT' observations and
tends to be relatively more straightforward to implement. Second, ZXZ only consider balanced panels
and their method does not apply for factor models with missing values. We show below that our

method also works for factor models with missing values.

3.2 The consistency of the CV method

Let @, and ¥, denote the rth left and right singular vectors of X*/p, respectively, associated with its

rth largest singular value. We add one assumption.

Assumption A.7. (i) Forr = Ro+1, ..., Rmax, P(||t|| o 107]| oo < 1/(cor/(N +T)log(N +T))) —
1 for some fixed ¢y < oo as (N,T') — oo, |||, = op (1), and ||0,]|,, = op (1);

®We conjecture that one can replace é}(f‘”

max,?t

o-* (£ X; if (i7t) c0*
XR(m)f = P ) e g . =1
R,it if (i,t) € Q1L

by C‘}f;t” in which case Xi*t(e) becomes

But the justification for this method is far more complicated than the proof of Theorem 3.2 below because of the
dependence of X;;(fz on R and the inconsistency of 01(%27;1) for R < Rpo.
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(it) max(;nea; X (jseqr B [Eic)s| Pas X, ]| = op (7).

Assumption A.7(i) is a high level condition that restricts the spikeness of singular vectors of X.
A similar condition is also imposed in Negahban and Wainwright (2012). Since ||t |y, = [|0r], = 1,
on average each entry of 4, is of the order (NT')~1/2
by the order ((N + T)log(N + T))~'/2. We can show that @, and @, are asymptotically equal to
the (7 — Rp)th singular vector of ¢* = ¢ o G* + FOAY o [G* — E(G*)]/p, where each entry has zero

mean. As we do not have the explicit form of @, and ¥, it is difficult to show its spikeness. It is

. We require the maximum entry is bounded

well known that for an i.i.d. Gaussian random matrix, the elements of its right and left eigenvectors
are uniformly distributed on the unit spheres SV~1 and ST~!, respectively. Then Assumption A.7(i)
is satisfied in this case. It is expected that the singular vectors of a general random matrix behave
similarly. Assumption A.7 (ii) is a higher level condition that requires low degree of correlations
among {e;}, conditional on kept-in information. It is satisfied when e is i.i.d. and the factors and
factor loadings are nonrandom. When we have |E [g;1¢ 5| Po X, Q*] | < Mplt=sI+1i=l for some M < oo
and p < 1 perhaps after reordering the data along the cross-sectional direction, the condition is also
satisfied.

The next two theorems establish the selection consistency of our CV method based on 1% (R)
and CV (R).

Theorem 3.1 Suppose Assumptions A.1-A.8 hold, and Assumptions A.4-A.5 hold with gz =
Then P (R < Ro) — 0 as (N,T) — oo. If Assumption A.7 also holds, then P (R > R()) — 0 as
(N, T) — .

Theorem 3.2 Suppose Assumptions A.1-A.8 hold, and Assumptions A.J-A.5 hold with gz = 1.
Then P (R < Ro) — 0 as (N,T) — oo. If Assumption A.7 also holds, then P (R > Ro) — 0 as
(N, T) — .

Theorems 3.1 and 3.2 indicate that the CV estimators R and R consistently estimate the true
number of factors Ry in large samples when Assumptions A.1-A.5 and A.7 hold. As we show in the

proof of Theorem 3.1, the consistency of R is established by demonstrating that

Ro
CV(R)—CV (Ry) = (1—p) Y  o07+0p(6y}) when R < Ry, and
r=R+1
— — 1—
plim(y 1) oed%7 | OV (R) — CV (Ro)| = ?6;9 (R — Ro) ¢y > 0 when R > Ry,

where ¢, is the lower probability bound of §37(NT)~162 for r € {Ry + 1,..., Rmax}. Note that
&2 diverges to infinity in probability at the rate NT for r € {1,..., Rg} and (NT)~162 converges
to zero in probability at the rate (5]7\,2T when r € {Rp + 1, ..., Rmax }. Similar remarks hold true for
CV (R) - CV (Ry).

3.3 CV in the presence of random missing

From the proof of Theorem 3.1 we can see that the same result holds with some modifications when

the original data matrix X contains random missing values. To see the modifications, we continue to
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use 2 C [N]x[T] to denote the index set of the observations that are observed. Let gy = 1{(3,t) € Q}
and § = |Q| /(NT). As before, P (giy = 1) = q € (0,1] and g;; is independent of X, F°, A and e. In
this case, we consider the SVD for %PQ* PoX :

1 A 74/

— P« P X =UXV’,

pq
where U is now the T x T matrix of left singular vectors of %Pg* PoX, V is the N x N matrix of
right singular vector of %PQ*PQX , and )y Rr contains the singular values of %PQ*PQX arranged in

descending order along its diagonal line. Then we estimate the common component C' by the singular

value thresholding procedure:
- 1 .-
Cr =Sy <p—q~PQ*PQX, R) = UrXRrVp, (3.6)

where Ug, Vg, and S are defined as before. Let R € {0,1,2, ..., Rpax} minimize the following CV
function

N ~ 2

VR = > [Xu—Cral (3.7)

(1,t)€Q NQ
where C’R’it denote the (¢,7)th element of C’R. Following the proof of Theorem 3.1, we can also show
that P(R = Rg) — 1 as (N,T) — oo in this case.
As in the last subsection, we can consider iterative estimates of C. Let C'}(gzt = C~'R7it. Suppose

that we have obtained the estimates C’g;)
with the estimated common components C’gflx) ;-0 Define the T x N matrix X*0 with its (t,4)th

ma.

. In step £, we can replace the zero elements in Po+PoX

element given by

¢ Xi if (i,t) € QNQ*
Xit( ) é(efl) . . , 0> 1. (3.8)
Rt (6:8) € (2NQ7) 1
Then we can conduct the singular value thresholding procedure:
CO(R) = Sy ( X0, R) _ gOsOpOr 59)

where U g)/ﬁg) = Ip, V]g)lvg) = Ig, and f]%) is a diagonal matrix that contains the R largest
singular values of X+ arranged in descending order along its diagonal line. Following Remark 2,
let Cr = C’g*) and R = arg ming<p<p,... cV (R), where

VIR = Y [Xit—C*R,ur- (3.10)

(1,£)€Q NQ

Following the proof of Theorem 3.2, we can also show that P(R = Rp) — 1 as (N,T) — oo in this

case.

(£-1)
Rmax,it

X; if (i,t) e QNQ*
Cy i (Lt e (@)

5We conjecture that one can replace C by CA’}(_-f;tl) in which case X:t(é) becomes

0

R,it A >1.
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3.4 Averaging CV and stability selection

The CV method in Sections 3.1 and 3.3 is based on a single random draw for the training set of
observations. The resulting performance of the CV method can be affected by the quality of such a
draw. In practice, we can always average cv (R) or oV (R) over a large number (say, J) of draws.

Recognizing the notorious difficulty in the estimation of discrete structures, such as in variable
selection and cluster analysis, Meinshausen and Bithlmann (2010) introduce stability selection based
on subsampling in combination with some selection algorithms. The procedure serves as a general
method to reduce noise by repeating the model selection many times over random splits of the data.
Our CV procedure can benefit from the stability selection since it relies on random data splits. An
additional benefit of stability selection in our context is that it is more robust to the choices of p and
J. The algorithm is given below.

Algorithm 1 (The CV procedure)

1. For (j,k) € [J] x [K]

(a) Randomly choose a subset of training observations 2 C [N] x [T'] where each observation

in X can be chosen with probability p.

(b) Apply the thresholding SVD in (3.1) or (3.6) to obtain Cg or that in (3.4) or (3.9) to
obtain Cg for R = 0,1, ..., Rmax, respectively. Here Cy and Cy are T x N matrices of

Zeros.

(c) For each R € {0,1,..., Rmax} , calculate the CV value via (3.2) or (3.7) and denote it as

ik vl
OV (R) or that via (3.5) or (3.10) and denote it as OV (R) .

(k) (G:k)

2. Let OV, (R) =337, CV"" (R) and CV (R) = 1 7 OV (R) for k = 1,..., K. Let

Ry = arg o D CVi (R) and Ry = arg o D CVi(R) fork=1,.., K.

Let R and R denote the modes in {}?1, ceey RK} and {]%1, e RK}, respectively. R and R serve

as the estimator of the true number of factors without and with iterations.

We will evaluate the finite sample performance of R and R through simulations by setting K = 10
and J = 5.

3.5 Modification of existing methods

There are many methods developed for determining the number of factors in econometrics. Popular
examples are Bai and Ng’s (2002) PC and IC method, Onatski’s (2010) ED method, and Ahn and
Horenstein’s (2013) GR and ER methods. However, these methods are not directly applicable when
the panel is unbalanced. Inspired by the results in Section 2, we propose some modifications to the
existing methods in this subsection. Specifically, we can modify these methods in the following two

ways:
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e With missing observations, the balanced panel X is not directly observed. We cannot directly
calculate the eigenvalues of X’X/(NT), on which ED, GR and ER depend. However, our
analysis in Section 3 suggests that eigenvalues of X’ X /(G? NT') should have similar asymptotic
properties to that of X’X/(NT), where X = X oG is observed. Then one potential valid
modification of these methods is to work on the eigenvalues of X’X /(G2NT) directly. The idea
can also be applied to modify PC and IC methods of Bai and Ng (2002). It is well known that
the IC and PC methods are also closely related to the eigenvalues of X’ X/(NT'). The objective
function V (k, F*) given by equation (7) of Bai and Ng (2002) has the property that

NAT

V(kvpk) = Z MT[X/X/(NT)]'
r=k+1

Accordingly, we can also modify PC and IC to work on X’X J(@NT).

Although directly working on X /q is asymptotically valid, this approach is not efficient and
its finite sample performance can be very poor when the proportion of missing observations is
high.

e To reduce the information loss, we consider the matrix completion with iterative estimates.
However, we have to estimate factors and factor loadings with R = Rpax in this case, since
the number of factors is unknown. Then we work on X, which is completed by our proposed
iterative estimates with Ryax factors. According to the analysis in the proof of Theorem 3.2,
the first Ry singular values of X /v/NT should be bounded below by some constants and its
(Ro + 1)th, ..., Rpaxth singular values are Op(éjvlT).

In this case, it is easy to justify that the PC and IC methods continue to work. However, it is
difficult to see whether the ED, GR and ER methods can continue to work on the completed

matrix because they have more requirements on the (Ry 4 1)th, ..., Rypaxth singular values.

4 Monte Carlo Simulations

In this section, we conduct Monte Carlo simulations to evaluate the finite sample performance of our
proposed EM estimators and CV method.
4.1 Data generating processes

In this subsection, we introduce the data generating processes (DGPs). Although we are considering
a static factor model, the factors can be a dynamic vector process in practice (Ludvigson and Ng,

2007). In our Monte Carlo experiments, we generate the factors according to

Fi — Hplr = Pf(ﬂ—l - :quR) + (1 - p?)l/zvtv t=1,..T,

where vp is an R x 1 vector of ones, us is a scalar, v; is independent and identically distributed
(iid.) from N(0, (1 — p?)IR), and p; € (0,1). To avoid the start-up effect, we throw away the first
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1000 observations of {F;} and use the next T observations for the estimation below. For the factor
loadings, we let A, ¢ = 1,..., N and r = 1,..., R, be i.i.d. draws from cs - N(1,1), where ¢, is a
constant controlling the signal strength.

Next, we introduce the generation of the idiosyncratic error terms ¢;; in DGPs 1-5:

DGP 1. (Errors without serial or cross-sectional correlation) We let
Eit = [09 + 01(/\;Ft)2/E()\;Ft)2] Uit

where u;; is i.i.d. from ¢ (5), the Student’s t-distribution with 5 degrees of freedom. Apparently,
we allow for conditional heteroskedasticity but no serial or cross-sectional correlation among

Eit’S.

DGP 2. (AR(1) errors across time) We generate €5 via an AR(1) process: €z = pej¢—1+ Ui, where
ug is ii.d. N (O, 1-— p2) and p = 0.5. To eliminate the start-up effect of the initial value, we

throw away the first 100 observations.

DGP 3. (MA(1) errors across individuals) We generate ;; = wuj + w;—1¢, where uy is ii.d.

N(0,1/v/2).

DGP 4. (Errors with both serial and cross-sectional dependence) We generate ;s = it + buj—1 +
bu;—1¢ + b*ui—14—1, where u; is i.i.d. N (0,1) and b = 0.3.

DGPs 1-4 satisfy all assumptions in the paper. We employ them to evaluate the finite sample
performance of the proposed estimators and CV methods under various scenarios. With the

presence of cross-sectional dependence in the error terms in DGPs 3-4, {)\?eitgit} are also
(1)
1g,t
We can use these two DGPs to check the performance of robust inference procedure using the

(2)
1g,t*

cross-sectionally correlated. The covariance estimator IV, introduced in Section 2.4 is invalid.

estimator I’

DGP 5. (Errors with a fat-tailed distribution) The setting for ¢;; is the same as DGP 1 except

that wg; is i.i.d. from Student’s t-distribution with 3 degrees of freedom.

In this case, the error term e;; does not have a finite fourth moment, which violates Assumption
A.2(i). DGP 5 can be used to check the robustness of the proposed estimators and the CV

method in the fat-tailed error scenario.

In all experiments, we fix the number of factors to be 3. We set 1y = 0.6, py = 0.3 and choose
¢s such that the signal to noise ratio (SNR) equals 4 for each DGP. Specifically, we define SNR
as var(\;Fy)/var(g;t). For each DGP, we consider N = 50,100 and 7" = 50,100. The number of

replications is 1000 in all cases.
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Table 1: Under/Over-estimation rate (%) with complete data

DGP N T cv ED GR ER PC IC
1 50 50 2.9/0.0 0.0/4.9 27.8/0.0 78.6/0.0 0.0/9.9 0.0/3.2
50 100 0.1/0.0 0.0/34 6.9/0.2 63.1/0.0 0.0/3.5 0.0/2.4
100 50 0.1/0.0 0.0/3.1 8.7/0.0 59.1/0.0 0.0/2.8 0.0/1.7
100 100 0.0/0.0 0.0/2.2 0.2/0.0  242/0.0  0.0/10 0.0/0.6
2 50 50 0.8/0.0 0.0/2.8 41.4/0.0 86.7/0.0 0.0/85.0 0.0/17.7
50 100 0.1/0.0 0.0/0.1 10.2/0.0 67.6/0.0 0.0/2.1 0.0/0.1
100 50 0.0/0.0 0.0/0.5 21.6/0.0 80.0/0.0 0.0/74.0 0.0/104
100 100 0.0/0.0 0.0/0.0 0.5/0.0 40.1/0.0 0.0/0.3 0.0/0.0
3 50 50 0.8/0.0 0.0/0.3 3.0/0.0 47.2/0.0 0.0/28.1 0.0/0.5
50 100 0.0/0.0 0.0/0.0 0.0/0.0 21.3/0.0 0.0/1.1 0.0/0.0
100 50 0.0/0.0 0.0/0.0 0.0/0.0 17.2/0.0 0.0/0.0 0.0/0.0
100 100 0.0/0.0 0.0/0.0 0.0/0.0 2.1/0.0 0.0/0.0 0.0/0.0
4 50 50 1.4/0.0 0.0/0.3 26.7/0.0 77.4/0.0 0.0/9.2 0.0/0.1
50 100 0.0/0.0 0.0/0.1 7.1/0.0 59.1/0.0 0.0/0.1 0.0/0.0
100 50 0.1/0.0 0.0/0.0 6.9/0.0 59.3/0.0 0.0/0.0 0.0/0.0
100 100 0.0/0.0 0.0/0.0 0.2/0.0 23.5/0.0 0.0/0.0 0.0/0.0
5 50 50 4.7/3.0 0.0/35.1 44.2/3.2 84.4/0.6 0.0/59.6 0.0/38.6
50 100 0.4/3.2  0.0/334  27.7/45  76.9/1.0  0.0/434  0.0/32.6
100 50 0.4/3.5 0.0/33.4 27.1/4.8 73.5/1.5 0.0/45.0 0.0/33.0
100 100 0.1/1.9 0.0/32.6 13.6/3.7 52.5/1.3 0.0/36.6 0.0/29.8
Note: We report the under/over-estimation rate with complete data. We consider CV with leave-out
probability p = 0.9, ED of Onatski (2010), GR and ER of Ahn and Horenstein (2013), and PC and IC of Bai
and Ng (2002). The number of replications is 1000.

4.2 Simulation results

In this subsection, we present our simulation results in two parts. In the first part, we examine
the accuracy of the CV method proposed in section 3, measured by the empirical rate of correct
determination of the number of factors. In the second part, we estimate the model with the estimated

number of factors and report the finite sample performance of the proposed estimators in Section 2.

4.2.1 Determining the number of factors

In this subsection, we use the CV method to determine the number of factors for data with or without
random missing observations. For both cases, we let Rpnax = 5 and use the leave-out probability
p = 0.9. To implement the averaging CV and stability selection method in Section 3.4, we set
K =10 and J = 5. For the case of incomplete data, we consider two random missing probabilities:
qg=10.7,0.9.

When the original data forms a balanced panel, there are existing methods including the growth
ratio (GR) and eigenvalue ratio (ER) of Ahn and Horenstein (2013), the edge distribution (ED) of
Onatski (2010) and the PC and IC methods of Bai and Ng (2002), among others. We also report the
performance of these methods for comparison. Table 1 presents the under/over-estimation rate with
complete data. We summarize some important findings from Table 1. First, for DGP 1 where the

error terms have neither serial nor cross-sectional dependence, all the methods under investigation
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show a pattern of convergence as both NV and T increases, and the CV method with p = 0.9 obviously
outperforms all the other methods. Second, for DGPs 2-4 with serial or cross-sectional dependence
in errors, the performance of various methods are similar to that for DGP 1. Among all the methods
under study, ER, PC and IC tend to be outperformed by the CV and ED methods. Third, for DGP
5, with fat-tail distributed errors, our CV method tends to outperform all existing methods by a big
margin. Specifically, ED, PC and IC over-estimated more than 29.8% times for all four combinations
of N and T, and GR and ER tend to under-estimate the number of factors. From the performance
of these five existing methods, we observe slow rate of convergence. The result for DGP 5 indicates
the CV method is somewhat robust to error terms with fat tails.

When the original data has random missing observations, we follow the discussion in Section 3.5
to modify the existing methods and compare them with our CV method. In our simulation studies,
we have explored both approaches introduced in Section 3.5. To save space, we only report the results

of the best performed approach. Specifically, we modify these methods as follows:

M-ED, M-GR, and M-ER: We directly use ED, GR and ER algorithms to work on the eigenvalues
of X'X/(i®NT).

M-PC and M-IC: We adopt an approach which is slightly different from what is introduced in
Section 3.5. The algorithms are given by:

1. Fix R =1, ..., Rpax and conduct the following steps:

(a) Obtain the iterated estimates éz(;f;)e as in Section 2.2;

(b) Calculate the modified objective function: V(R) = ﬁ > nen(Xit — C’g;g)Q;

(c) The criteria functions are of the form V(R)+ R-g(N, T), where g(N, T) is the penalty
function for PC and IC in Bai and Ng (2002).

2. Choose R that minimizes the criterion function.

Table 2 presents the under/over-estimation rate with incomplete data over 1000 Monte Carlo
replications for ¢ = 0.7. The case for ¢ = 0.9 is reported in Table Al in the additional online
supplement. We consider the two C'V methods discussed in Section 3.4, namely, C'V (R) and cV (R)
with ég;alx),it used in the fth iteration. As in Remark 2, we stop the iterations when ¢ = £*. The
results are reported in the OV’ and ‘CV” columns of Table 2.

We summarize some important findings from Table 2. First, both CV methods yield decreasing
percentage of under/over-estimation rate as either N or T increases, and CV has better finite sample
performance than CV. T herefore, using iterations to complete missing observations helps improve
the finite sample performance of the CV method. Second, for the other competing methods, only
M-ED performs well for all DGPs with large N and T, but its finite sample performance is not as
good as CV. Under the random missing case and the assumptions in Onatski (2000), it is possible to
justify M-ED theoretically. Third, M-GR and M-ER severely under-estimate the number of factors
for all DGPs whereas M-PC and M-IC slightly over-estimate the number of factors in small samples
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Table 2: Under/Over-estimation rate (%) with missing data (¢ = 0.7)

DGP N T cv cv M-ED  M-GR  M-ER  M-PC M-IC
1 50 50 638/00 92/00 495/95 99.4/0.0 99.8/0.0 0.0/67.8 0.0/314
50 100 26.4/0.1  0.1/0.0  26.8/49 99.4/0.0 100.0/0.0 0.0/30.7 0.0/11.9
100 50 33.2/0.1  0.4/0.0  30.0/6.7 98.9/0.0 99.7/0.0  0.0/27.9  0.0/10.5
100 100 1.8/0.0  0.0/0.0  4.1/1.3 98.7/0.0 99.8/0.0  0.0/9.2  0.0/4.7
2 50 50 553/0.0 3.4/00 43.7/65 98.9/0.0 99.7/0.0 0.0/747 0.0/44.1
50 100 17.3/0.1  0.1/0.0  20.2/1.9  99.2/0.0  99.8/0.0  0.0/30.9  0.0/5.9
100 50 24.3/0.0  0.2/0.0  24.1/3.3 98.1/0.0 99.8/0.0 0.0/63.0 0.0/34.4
100 100  0.9/0.0  0.0/0.0  1.8/0.6 984/0.0 99.9/0.0 0.0/19.2  0.0/2.6
3 50 50 588/0.0 3.3/0.0 46.3/6.7 99.4/0.0 100.0/0.0 0.0/59.2 0.0/23.6
50 100 20.1/0.0  0.2/0.0  21.0/1.7 98.3/0.0  99.6/0.0 0.0/37.0  0.0/6.7
100 50  29.0/0.0  0.2/0.0  26.9/54 98.8/0.0 99.8/0.0 0.0/122  0.0/0.7
100 100 0.9/0.0  0.0/0.0  1.7/0.9  99.1/0.0 99.8/0.0  0.0/1.0  0.0/0.0
4 50 50 57.5/0.1 4.3/0.0 433/74 98.6/0.0 99.7/0.0 0.0/45.7 0.0/12.3
50 100 20.3/0.0  0.0/0.0  20.5/2.9 99.3/0.0 99.9/0.0 0.0/10.6  0.0/0.8
100 50  26.4/0.0 0.4/0.0  23.8/4.6 98.6/0.0 99.9/0.0 0.0/10.3  0.0/0.9
100 100 0.9/0.0  0.0/0.0  21/1.1  984/0.0 99.9/0.0  0.0/0.0  0.0/0.0
5 50 50 63.1/1.1 129/18 47.6/138 99.0/0.1 99.6/0.1 0.0/87.2 0.0/71.2
50 100 27.2/2.7  0.8/21  27.6/10.2 99.7/0.0 100.0/0.0 0.0/79.2  0.0/63.0
100 50  33.2/27  1.6/2.7  29.9/11.7 99.1/0.1  99.8/0.0  0.0/73.9  0.0/60.7
100 100 2.6/44  0.0/1.3  51/80 98.7/0.2 99.9/0.0 0.0/69.0 0.0/59.5

Note: We report the under/over-estimation rate with missing data, where each entry is observed with probability

q = 0.7. We consider CV and CV with leave-out probability p = 0.9. For comparison, we also consider the
M-ED,M-ER, M-PC, and M-IC, which are modified from ED of Onatski (2010), GR and ER of Ahn and

Horenstein (2013), and PC and IC of Bai and Ng (2002), respectively. The number of replications is 1000.

in DGPs 1-4 and severely over-estimate the number of factors in DGP 5. Fourth, when the proportion
of missing observations is small (¢ = 0.9 in Table Al in the online supplement), the performance
of all methods improved remarkably but our CV method still outperforms all other methods in all
cases. To sum up, our CV methods have great finite sample performance compared to the modified

existing methods.

4.2.2 Estimation of A and F

In this subsection, we work on the scenario with random missing observations where ¢ = 0.7 and
0.9. We estimate the factors and factor loadings using the method introduced in Section 2 and make
inferences on the factors. Specifically, we consider the initial estimates (¢ = 0) and the £*th step
estimates. For comparison, we also report the oracle estimate that is obtained with the knowledge
of missing observations and the correct number of factors.

Tables 3 reports the feasible estimation results for ¢ = 0.7, where the number of factors is
determined by CV. As Table 2 indicates, the CV-based estimate, R, is quite accurate. But we still
have both nonnegligible percentages of under- and over-estimation when (N, T") = (50, 50).

To measure the consistency of our estimates, we calculate the mean squared error (MSE) of

A~

Ci’s. The results are reported in the ‘MSE’ columns of Table 3. We observe that the MSE of the
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Table 3: Mean squared error and coverage probability of confidence intervals with missing data (¢ = 0.7)

MSE of C;; CP of Standard CI CP of Robust CI
DCP N T C,i(:racle) é(t()) Off ) Ft(oracle) Ft(o) Ft@ ) Ft(oracle) Ft(o) Ft(l )

1 50 50 0.250 1.445 0.437 91.1%  96.2%  86.9% | 93.4%  98.3%  91.2%
50 100  0.186 0.993 0.290 91.3%  94.3%  89.6% | 93.3%  96.4%  92.5%
100 50 0.187 1.039 0.294 91.6%  959% 91.2% | 92.8% 97.7%  92.2%
100 100  0.124 0.613 0.185 94.0%  95.5%  91.8% | 952%  96.6%  94.1%

2 50 50 0.284 1.390 0.420 87.6%  94.8%  842% | 90.6%  97.8%  88.7%
50 100  0.197 0.932 0.282 89.4%  95.7%  87.7% | 92.3%  97.0%  91.0%
100 50 0.229 0.996 0.312 88.3%  96.0% 87.8% | 88.6%  98.1%  91.0%
100 100  0.142 0.604 0.193 92.3%  96.9%  92.0% | 92.9%  98.1%  93.4%

3 50 30 0.248 1.369 0.392 825%  93.4%  80.5% | 89.1%  97.2%  85.9%
50 100 0.192 0.926 0.278 81.8%  928% 82.3% | 91.1% 96.3%  88.3%
100 50 0.176 0.962 0.263 80.2%  94.3%  80.1% | 86.5%  96.8%  84.4%
100 100 0.121 0.588 0.173 83.5%  93.1%  86.4% | 90.7%  96.1%  90.4%

4 50 50 0.255 1.367 0.398 82.3%  93.7% 81.8% | 86.5%  97.9%  86.6%
50 100  0.187 0.934 0.273 84.1%  94.4% 85.1% | 87.9% 97.6%  89.2%
100 50 0.193 0.975 0.280 86.4%  95.8%  87.9% | 89.0%  97.4%  90.3%
100 100 0.127 0.591 0.179 86.4%  93.4% 87.0% | 89.8%  95.4%  90.1%

5 50 50 0.319 1.547 0.524 91.9%  96.9% 87.1% | 93.0% 98.5%  91.4%
50 100  0.255 1.123 0.375 92.1%  94.4%  90.2% | 93.3%  96.2%  93.1%
100 50 0.258 1.160 0.375 924%  96.1%  91.2% | 93.7%  982%  92.1%
100 100 0.156 0.689 0.230 94.6%  95.7%  924% | 953%  96.9%  93.8%

Note: We report the mean squared errors (MSE) of Cit and the coverage probabilities (CP) of the 95% confidence
intervals (CIs) for F’s. Each entry is observed with probability ¢ = 0.7. We consider the feasible estimates with £ =0
and £ = £*, and the oracle estimate that is obtained using the information of R® and missing observations. The standard

CIs and the robust Cls are constructed using f‘ﬁ;),t and f‘g)’t in Section 2.4, respectively.
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£*th-step estimator is smaller than that of the initial estimator. However, as expected, the feasible
estimators that use random missing data are less efficient than the oracle estimator. This is consistent
with Remark 3 in Section 2.3. In fact, despite the presence of serial dependence, or cross-sectional
dependence, or both in DGPs 2-4, the MSE of the £*th step estimator is approximately equal to
that of the oracle estimator multiplied by 1/¢ in DGPs 1-4. DGP 5 is an exception because of the
violation of the moment conditions on the error terms.

Applied researchers are often interested in obtaining the estimates of the first eigenvector of
FOAYAOFO which asymptotically equals to the first column of FOH, when the associated eigenvalues
are ordered in descending order. In our simulations, we conduct inference on (F°H )1, which is the
t*th entry of the first column of FOH. In each replication, we randomly choose a t* and construct
confidence intervals of (FYH ). Following the results of Theorem 2.2 and Theorem 2.4, the 95%

confidence interval (CI) is given by
B — 1.96((5910) V2 VN, B + 1.96(153971) /2 V).

To estimate the covariance matrix, we consider both the standard covariance matrix estimate based

on f%)t and the robust one based on IA“%)t introduced in Section 2.4.

We refer to the 95% confidence intervals constructed using f‘%)t and fgzg)t as standard CI and
robust CI, respectively. In Table 3, we report the coverage probability (CP) of the standard CIs
and robust Cls for both the oracle estimate and our feasible estimates for ¢ = 0.7. We summarize
the main findings. First, for DGPs 1-2 and 5 where there is no cross-sectional dependence in the
error terms, both standard and robust covariance estimators provide asymptotically valid inferences.
The CP approaches the nominal CP as the sample size increases. Second, for DGPs 3-4 where there
is cross-sectional dependence in the error terms, the standard Cls are invalid, and the standard
CIs based on both the oracle estimates and the £*th step estimates tend to under-cover the true
parameters. In contrast, the robust CI method provides asymptotically valid inference and yields
remarkably better performance. This suggests that ignoring the cross-sectional dependence may lead
to the incorrect estimation of the standard errors of the factor estimator and one should incorporate
the cross-sectional dependence in the estimation of the standard errors. Third, the CP for the ClIs
based on the initial estimates tend to over-cover the true values. However, we should refrain from
making an inference based on the initial estimates in large samples. This is because the initial
estimates tend to have a larger variance than the £*th step estimates, leading to much wider Cls
compared to those based on the £*th step estimates.

In Table A2 of the online supplement, we also report the simulation results for the feasible
estimates that are associated with the case ¢ = 0.9, i.e., only 10% observations are missing at
random. In addition, we report the estimation and inference results of the infeasible estimates, which

are obtained by using the correct number of factors, in Tables A3 and A4 of the online supplement.

26



5 Empirical Application: Forecasting Macroeconomic Variables

In this section, we show the usefulness of the proposed method by considering factor-augmented
regressions to forecast macroeconomic variables. The procedure starts from estimating a set of
latent factors using panel data. In practice, some variables have missing observations due to a
short collection history or lagged publications. A simple and frequently used method to deal with
this problem is to delete those units/variables with missing observations to obtain a balanced panel
and the PC estimators of latent factors (PC-F). Inevitably, we lose some useful information by
doing so. To fully exploit the information of predictors with missing observations, we can use the
EM estimators to estimate the latent factors (EM-F). In our application, we use EM-F or PC-F
to forecast macroeconomic variables, respectively. Then we show that EM-F outperforms PC-F in
terms of predictive MSE.

Below we consider the forecasts of the U.S. real gross domestic product (RGDP), gross domestic
product (GDP), industrial production (IP) and real disposal personal income (RDPI) at 1, 2 and 4

quarter horizons. These four time series are collected from the Federal Reserve Bank website.

5.1 Implementation

We use a panel dataset FRED-QD, which is an unbalanced panel at the quarterly frequency. FRED-
QD is a quarterly frequency companion of FRED-MD that is introduced by McCracken and Ng
(2016, MN hereafter). The dataset consists of 248 quarterly U.S. indicators from 1959Q1 to 2018Q2.
We use 125 time series that are used in SW to estimate the latent factors. Despite the fact that
the missing is not exactly random in this application, we demonstrate that the appropriate use of
the EM algorithm can outperform the simple approach by deleting those individuals with missing
observations in terms of out-of-sample prediction.

We take 1960Q1 as the start of the sample. Then we lose two periods of observations due to
data transformations as in MN and obtain an unbalanced panel with (7', N) = (236,125). There
are 37 variables containing 1594 missing observations in total. Following the lead of MN, we check
for outliers in each variable where an outlier is defined as an observation that deviates from the
observed sample median by more than 10 times interquantile range. The outliers are removed and
treated as missing observations. As a result, the total number of missing observations becomes 1602
(¢ = 0.946). All columns of the data matrix X are standardized to have zero mean and unit standard
deviation before estimating EM-F. To estimate PC-F, we drop 37 variables with missing observations
to obtain a balanced panel with (7', N) = (236, 88). We also standardize the balanced panel before
estimating PC-F. We estimate the first factor by PC and EM and use them to do the out-of-sample
forecasting.

Next, we consider the forecast based on the following factor-augmented autoregression (FA-AR)
models:

v = 08 + 00 (L) B+ 6 L)y + el h=1,2, 4, (5.1)

where y; is one of the four macro-variables (i.e., RGDP, GDP, IP, and RDPI), Fy is the estimated
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Table 4: Comparison of forecast results

Real GDP GDP 1P RDPI

MSE ratio MSE ratio MSE ratio MSE ratio
period horizon AR PC-F AR PC-F AR PC-F AR PC-F

1987 h=1 4.571  0.923 0985 6.665 0.921 1.004 11.488 0.911 0.929 11.896 0.958  0.988

| h=2 2.986 0.853 0.968 5.349 0874 1.003 13.091 0.896 0.922 4.505 0.888  0.985
2016 h=4 2.683 0948 0.927 5727 0.940 0.996 13.489 0.969 0.994 2.565 0.841  0.989
1997 h=1 4.734 0870 1.009 6.745 0.892 1.000 12.131 0.853 0.896 14.982 0.957  0.987
| h=2 3.246 0.813 0.957 5.531 0.851 0.998 15.583 0.875 0.918 5.085 0.856  0.995
2016 h=4 3.020 0924 0.955 5924 0916 0.997 16.964 0.948 0.983 2.832 0.809 0.983
2007 h=1 5.049 0.746 0.982 8170 0.794 0.984 16.818 0.805 0.862 20.446 0.941  0.982
| h=2 4.247  0.749  0.922 7.167 0.801 1.004 23.777 0.851 0.886 6.565 0.785  0.985
2016 h=4 4.445 0901 0950 8.145 0.923 1.011 26.810 0.904 0.936 4.047 0.777 0.973

Note: We report the MSE of forecasts using EM-F and its ratios to the MSEs associated with the AR or FA-AR using PC-F.

vector of factors, gb,gl) is the intercept term, L is the lag operator, and qﬁ;f) (L) and qﬁS’) (L) are finite-
order polynomials of the lag operators. For all four variables to be forecasted, we treat them as I(1)
series and define the dependent variable as average annualized quarterly growth rate. As an example,
for IP, we define

yp, = (400/h) In(IPyyp/IP;) and y; = 400 In(IP;/IP;_1).

All the models are estimated recursively by ordinary least squares (OLS). We use BIC to select the
number of autoregressive lags (from 0 to 6) and lags of the first factor (from 1 to 6) in EM-F and
PC-F, respectively.

5.2 Forecast results

We consider three out-of-sample periods, namely, 1987Q1-2016Q4, 1997Q1-2016Q4 and 2007Q1-
2016Q4. Table 4 reports the MSE of forecasts using EM-F and its ratio to the MSE associated
with the autoregression (AR) or FA-AR using PC-F, where the AR model is used with F} absent
in (5.1) and the number of lags are also determined by the Bayesian information criterion (BIC).
Ratios smaller than one are in favor of the method using EM-F. For all the four macroeconomic
variables under investigation, the forecasts using EM-F outperforms those only using autoregression.
Therefore, we can conclude that the estimated latent factors contain some predictive power. For
Real GDP, IP and RDPI, the forecast using EM-F provides smaller MSE for almost all horizons
and periods compared to that using PC-F. For GDP, we can see that the forecasts using EM-F and
PC-F have comparable performance. In short, the EM estimation of the factors generally help the

out-of-sample forecast of some major macroeconomic variables.

6 Conclusion

In this paper we study the asymptotic properties of the EM estimators of factors and factor loadings
in an approximate factor model with random missing. Based on the asymptotic results, we also

propose a novel cross-validation method to determine the number of factors in factor models with or
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without random missing observations. Simulations demonstrate the good finite sample performance
of the proposed method and empirical applications suggest the usefulness of our method.

The paper can be extended in various directions. First, we only consider random missing and it
is possible to extend our method to allow for heterogenous missing or missing with certain patterns.
Second, we focus on a pure approximate factor model and one may consider the extension to the
panel data models with multi-factor error structure and random missing values (see, Bai et al. (2015)
and Athey et al. (2018)) or factor-augmented vector-autoregressive (FAVAR) models with missing

values. We are exploring some of these topics in ongoing works.
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APPENDIX

A Proofs of the main results in Section 2

In this appendix, we prove the main results in Section 2 by calling upon some technical lemmas
whose proofs can be found in the online supplement. For notational simplicity, we use F , ]X, C , D,
A, F,, % and Gy to denote O, RO), ¢ pO) 10) 0 5O

To prove Theorem 2.1, we need the following lemma.

and C’ft() ) , respectively.

Lemma A.1 Suppose that Assumptions A.1-A.2 hold. Then T 'F (NT(j2)_1 XX'F=D=D+
(5;\,(7{77/2), where v = 1 V Ya, D is an R x R diagonal matriz consisting of the R largest eigenvalues
of (NT(j2)_1 XX’ and D is an R x R matriz consisting of the R eigenvalues of X 0% o, arranged

i descending order along the diagonal line.

Proof of Theorem 2.1. From the principal component analysis, we have the identity (N chz) L xx
F=FD. By Lemma A.1 and Assumption A.1, D is asymptotically nonsingular so that we can post-
multiply both sides by D~! to obtain F = (NTQ’Q)_l XX'FD™!. Recall that H = (N_lAO’AO)_l
T-'FYFD~1. Noting that the (¢,7)th element of X is given by X;; = (AF +eit) giw = N FPq +
itgit + NE? (gis — q) , we have

T N
- H'F) = N;qQ D! ; Ey Z {E (ciscit) gisgit + [€iscit — E (€is€it)) GisGit
+FI N eingisgie + FY N eisgisgin + FONNFY (9is — ) q
+FINNFY (g3 — q) g + FOXNNFY (gis — q) (g — )} Op(NT)7H2)
it + gt + ... + an+0,(NT)™/?), (A1)

where, e.g., a;y = N%(? D1 Zle F, Zf\il E (giseit) 9isgit and the first equality used the fact § —q =
- . 2
0,((NT)~Y/2). It follows that T~ 37 HFt _ H'Fg‘ <7 TS lawl® +0,((NT)~1/2) by

the Cauchy-Schwarz (CS) inequality. For aj;, we have

T R T I N 2
Til Z ||a1tH2 S 71H Til Z T_ ZF N Z Ezsgzt 9isYit
t=1 t=1 s=1 i=1
T T T, 2
S — || D H f ) ; ; ; E Ezsgzt) GisYit
R -1
< Pl 7 33 b = 0 ()

s=1 t=1

where the second inequality follows from the CS inequality and the third inequality follows from the
fact that Zs 1 = %tr(ﬁ’ﬁ) =tr(Ir) = R and that |g;z|] < 1, and the last equality holds by

2
— T T 2
U 4 2 2 o

Assumption A.2. Similarly, for ag;, we have 7! 2?21 lag:]|? < Ti};
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where Clg,st = % Zfil [51551'1& - F (51'35@'1‘,)] GisGit- Noting that Clg,st = % sz\il [Eisgit - F (51‘35@'1&)]
4 N

{@+ (gis — Da+ (9it — )+ (gis — D) (git — D} = Y121 C1gsu> Where, €8, Crgsn = ~ Yoy [EisEit

—E (g45¢it)|q?, we have C%gﬁt <43, C%gﬁtl. By Assumption A.2,

1 T T q4 T T N 2
?SZItZlE Clg stl = ﬁs_zlt_zlE Nl/ ; Eis€it — 51351'1&)] = O(T/N),
o T T N 2
% Zl tzl E Clg st, 2 — q? Zl Zl E % Zl Eis€it — E'Lsgit)] (gzs — q)]
s = i=

Similarly, we can show that ST, (C%g st1) = O(T/N) for | = 3,4. Then T* Zle llage]|* =

Op (N~1) by Markov inequality. For as;, we have T~ ST sl < ﬁ H sSSP C%gyst,

where <2g,st = N Zi:l FSOI)\Z' €itGisYit- USlng Gis = q + (gzs - Q)a we have

T T
%ZZC%N < TQZZ [NZFOA citgird

s=1t=1 s=11t=1
= 247+ 2A5, say.

o I T [ N ?
+ Z Z [N Z FYNewgit (gis — Q)]

s=1t=1 =1

2
Noting that = Zt B HN L Neiga| =

7 S T Bl 2)E (3) = O(N7Y) un-
der Assumptions A.1(ii) and A.2(i), we have A; < TZs:l HFSOH Zt 1 HN L N e ’
Op (N71). Similarly, A2 = Op (T"') by Markov inequality. It follows that 71 thl las||* =
Op (N1 +T71) . Analogously, we can show that 7~ ST llag]* = Op (N"'4+T71) . Next, 7! ST
< 8 5 S T, Gy = O (V) where Gy o = & 50, FONNPFD (g, — ) and
the last equality follows from the Markov inequality and the fact that % ST E(ng,st) =
%12}%) Nyt E[(FO')\O/\O'FO) ] = O (N~1). Similarly, we can show that 7= 3", [lag||* =
Op (N7Y) and T7L 301 [laze|* = Op (N7Y).
In sum, we have shown that 7~ 37 Hﬁt — I;[/FtOH2 =O0p(N1+T71).

s

To prove Theorem 2.2, we need the following lemma.

Lemma A.2 Suppose that Assumptions A.1-A.3 hold. Then
(i) T-1f 0 — Q+Op ( ( 7/2))7
(i) H = Q71 4+ Op(3y~ )
(7’“) T Zt:l(ﬂ HFt )5ztgzt - OP (5NT)
(iv) 7 i1 (Fy — H'ED)(Fy — H'FY) gie = Op (537)
(v) % Zle Ft(Ft - ﬁ/FtO),git =O0p (‘ﬁv?r) )
(vi) 4 31 (F, — H'F?)FY' H (gis 7) = Op (0y7)
(vii) 2L FFl (g — q) = H' X Et \FPFY H (g — q) + Op (63%) .
(viii) HH' = (2 FYF%)~1 + Op (5 %) .
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Proof of Theorem 2.2. (i) By the decomposition in (A.1) and Lemma A.1, it suffices to
show that Ay = Day = oP( _1/2) for I = 1,2,4,5,7 and VND (ast + aet) 4, N(0,QTy:Q").
For Ai:, we make the following decomposition Alt = NT~2 Zs 1 (F H'F0> ZZ 1 B (€is€it) 9is9it

+52' NlT Zszl FO Zz=1 E (ciscit) gisgit = A1e1 + = A1t72. By the CS inequality and Theorem 2.1,

N[ 2
[Awall < = { } TZ

where we use the fact that = Zs 1 H N ZZ 1 E (gis€it) 9is9it

2y 1/2
— H'FO

s

1 N
NZ 57,55175 9isJit
=1

= Op (03'y) Op(T71/?),

'ﬂ |

> |

S Fmax; > vy (s,8)]F =0 (T71).
For Ait, we have E|| A2 < %—IF—HZSZI lvn (s,t)] = O(T™1). It follows that Ao =
Op (T*I) and Ay = Op ((5]_\,1TT*1/2) . For Ass, we have

r7/

ra / 1 T N H
Ao = NT ENZE) Z (F HlFO) Z Xi,st9is it + ~_2N_ Z Z Xi,st9isGit = A2t71 + ?A%,Q?
s=1 =1

where x; o = €is€it—E (€is€it) . As in the analysis of Ay, 1, we can show that ||Ag 1|| = Op ((5N1TN*1/2)
by the CS inequality and Theorem 2.1. Next, A = w7 Zs:l FO Zi:l Xi st (> + (9is — q) ¢ + (gie —
qQ)q + (gis — q) (git — q)] = Z?:l Ay 9. By straightforward moment calculations, we can show that
E||Aya)? = O(NT)™) under Assumptions A.3(i) and A.1(i) for I = 1,2,3,4. Then Ago =
Op((NT)"'/?). For Az, we use gis = q + (gis —q) and Fy = (F, — H'F%) + H'F? to make the
following decomposition

N
Az = 7 Z FsFSO'N Z Neirgisgit
s=1 =1
‘ T | X | T
1 il nlV 0 - 1 170 0/ _
- T(j2 ;FSFS N Z_Zl)‘z €itGit T Tq~ ;(F H F F Z)\ EitGit gzs )
H N Jad
+7Z Z FOFO’ Z Neirgit(gis — @) | = Ast,1 + Az + 7 —5 Ast3-
N =

By the CS inequality and Theorem 2.1,

2y 1/2

1/2 T N

1 1 _ _

szl < ~2{ Z‘ } =SS Neugulgs )| ¢ = Op(G3EI0P(N ),
s=1 =1

2
where we use the fact that % Zstl FE HFSO’]{, Zfil A?eitgit(gis — q)H =0 (Nfl) . For Az, 3, it is easy
to verify that F (As;3) = O (T!) and E HAgt 3> = O((NT)~' +T2). Then Az, 3 = Op(5 3T~ /?)
and As; = %F’FONLq Z >\ €itgit+O0p (6 ) where we use the fact that § = ¢+Op((NT)~ 1/2). For
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Aye, we apply git = ¢+ (git — q) an = (Fs - FI’FS) + ﬁ’FSO to make the following decomposition

dF
T N
Ay = % Z (Fs — E[IF;)) Z)\?IfisgisFtO NTNQ Z (F H FO) Z >\ €isJis (gzt )FO

i=1 i=1
]VlT ZFOZZ/\OIEZSQZS NT ZFOZZ)\ €isTis gzt )

H H
Ay 1 F) + Ay oF + qq~—2A4t,3Ft0’ + ?A4t,4FtO-

qH’

(?

0
F+ = F?

For A41 and Ay 2, we can readily use the CS inequality and Theorem 2.1 to show that Ay =
Op ((5]_\[1TN*1/2) and Agr2 = Op ((5]_\[271) . For Ay 3 we apply gir = ¢+ (git — q) , the CS inequality, and
Assumption A.3(ii) to obtain E [[As 3)* < 2= E|| i SN FON eiq||? + 2= Bl S0 N FONY ey
x (gis —q) [|> = O (NT)™") + O (NT)"1) = O (NT)~1). It follows that Ag3 = Op((NT) /).
Similarly, Agsq = Op((NT)"*/?). Then Ay = Op(63%).

For As;, we use Fy = (Fs — H'F?) + H'F? to obtain A = 5%(145,571 + H'Ast2)FQ, where Astq =
F (B = HFOFY % 8, AN (gis — q) and Ao = g7 Yoamy FOFY S AN (gis — ¢) - By
the CS inequality and Theorem 2.1,

T 1/2 T
1 ~ 2 1
||A5t,1”—{T§‘ s — } T;
T N 2 2
where we use the fact that £ > | F ) FYL SV AN (gis — q)” = O (N7!).Similarly, E ||As2||* =
?(1 9) S Zl W E HFOFO’)\Q/\Q’H2 = O((NT) ") under Assumption A.1(iii). Then As; o = Op((NT)_1/2)
and Az = Op (6 =) . For Ag;, we apply the fact that § = ¢+ Op((NT)~ 1/2) to obtain

2y 1/2

7'F — Ol NI,

0/ 00/
F! NZ)\/\

Ag = —F FO Z AN O (g1 — q) = —F F0 Z NN (gie — q) + Op((NT) /).

For Az, we have Ar, = [k Y211 (Fy — H'FY) F % SO | i PO+ (4 X0 FFY 4 50N | o] PP
= Az, 1F0+%A7t 2Ft0,, where a; ¢ = )\0)\0' (g9is — q) (git — q) . As in the analysis of As;, we can readily
show that A7t 1 =0p (6 ) and A7 0 = Op((NT')~ 1/2). Then A7 1 = Op(djVQT).

In sum, we have

N
. L1 1 ~
VN(F, —H'F)=D lfF’FOWq > N [eagi + NFY (91 — q)] + Op(N'2637).  (A2)
i=1
By Assumption A.4(i), % ZN Ositgit 4N (0,T144). Let w € R’ be a nonrandom vector with
ol = 1. Let @ = A=W XAYED (gie — ) and Gy, = o ({gj0,] < i), A% FP) , the sigmafield gen-
erated from {gj;, j < i} and (A% F°). Let G' = o (UF_,G4 ) - By the independence of g;; along
.q. . N 1— N 2

the i-dimension, we have E (¢ Fnti—1¢) =0and > ;| E <g012tlg}fv7i_1) = N—qq SOt (WAINYFY)
w’mq NN (FO/)\O) w P oy 0. Let € = %—4. Then by Assumption A.1(ii), SN B[y T/

i=1"" "
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Ghi1) < % ~ SN H)\?HHG 2,0, which is sufficient for the conditional Lindeberg condition
in Hausler and Luschgy (2015) to hold. Then by the stable martingale central limit theorem (e.g.,
Theorem 6.1 in Hausler and Luschgy (2015)), we have

N

Z MNEL (gis — q) Z ¢i — N (0,T244) G'-stably as N — oo,
\/_ Ng ‘ ~
where T'yy; is G!, measurable. Noting that Cov(ﬁ Zfil )\?al-tgit, \/—LNq val)\?/\?’FO (git — q)) =
7z Lty Yoy EOYAY e FOE (gt (950 — @)] = F2 iy B [MAVedFY] = 0 by the iid. of
git, the independence between {g;¢} and {A° F° ¢}, and Assumption A.2(i), we also have

1
VNg &

Then by Lemmas A.1(i) and A.2(i) and Corollary 6.3 in Hédusler and Luschgy (2015), we have

Z/\ Eztgzt+)\ Fo(gzt—q)] — N (0,19 +T2g¢) G'-stably as N — oco.

N
\/_Tq Z A? [5itgit + A?/Fto (git — Q)] +O0p (N1/25N2T>
i=1

— N (0,D7'Q (T'1g,¢ + I'ags) @'D71) G'-stably as (N,T) — oo.

£ ().
AF'X, X = (FOAY +£) 0 G, and % S 1| B} = Ig, we have

- - - 1 -
VN(F, — HFY = D 'ZF'F°
¢ T

This completes the proof o
(ii) Noting that A’ =

»Ql

T
Ni—H D = TLZ (git + FYA0) gip — H1A?
1 0 o )
= g > Pl t [RA 4 (FY = FE)| W0} — N
H’ ; ro, A N
= Ta Z t €itGit + Z (Ft - H'FP) €itgit + T_(j Z Fy (H’Ft0 — Ft) a1\,

~ 5
+—ZFFtH )\O(gzt—q)—i—q Yz EZ

By Lemma A.2(ii)-(v) and (vii), VT By; = f[’\/—%q Zle Fl1gi+op (1) andVTBy; = Op (T1/25]7V2T) =
p (1) for | = 2,3. By Lemma A.2(ii) and (vii), VT By; = I}’\%Tq S FPFY N (gi—q)+0p (TV2633) .
Noting that § — g = Op((NT)~/?), we have VT Bs; = Op(N~/2). Therefore we have shown that

VT (A - ﬁ*lxg) H— ZFt eitgit + FON (g1 — q)] + Op(T25:2). (A.3)

\/_

Recall that Gi, = o ({gis, s <t), A}, F°) denotes the sigma-field generated from {{g;s,s <t)} and

)

(A, F°) and G' = o (U$2_,Gly) . Following the analysis at the end of the proof of part (i), we can
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show that /T (5\1 - ﬁ_lA?> — N (0,(Q") 1 (P14t + Pogy) (Q)7') G-stably as N — oo, where we
use Lemma A.2(ii) and the fact Cov(Tqu S Fleingir, \/—LTq S EPEY XN (gi — ) = 0.

(iil) Let sit = €igit + A\ FL (gi — q) - By the proofs of (i) and (ii),

Cio —Ch = N(H)(Fy— H'FY) + (A — H'X)
= MN(H)TNE - B'F) + FYHN — H™A) + 0p(NT)71/?)

N T
~ ~ 1 - 1 -~ 1
0 —17-1 0 0 0 0 )
= N'(H)"'D (TF,F )N—ng&gimLFt/HH'T—ZFt sit + Op (657)
1=
1 N

= AO/(NAO/AO —1 ZAOth 4 FtO/(TFO/FO ZFt it + OP (5N2T)

=1 t 1

where the second equality follows from the fact that ﬁ’t —H FtO = Op (N -1/ 2) and 5\1 - H _1)\? =
Op (T‘l/ 2) , the third equality holds by the results in (i) and (ii), and fourth equality holds because
(HY D 'AF'FO = (£AYA% ! by the definition of H and HH' = (xFYF°)~! + Op (05%) by
Lemma A.2(viii). Following the proof of Theorem 3 in Bai (2003), we can readily show that (%Em +
%z%rﬂ2ﬁ%—4£>imvm&%wmmzmp:wxﬁrmzﬁxﬁmd&mzfﬂzg¢ngﬁﬂl

To prove Theorems 2.3-2.4, we introduce some notations. Recall that H®) = (N *1A0’A0)71
xT-1FY O DO-1 Define

N
~ (0 ~oy—1 1 » 1
¢Ew3: = DO 1?F(O)'F0N—q > N [eigic + N (90— )]
i=1
2, (0) (o) L d 0 07,0
br; = H Tq Z F eigin + F'N (90 — )]
=1

. 1 1
Sy = DO- L= PO FO E:AZ” for £> 1, and
1=1

A0 0 (£
Opi = TZF for £ > 1,

where egf) is defined sequentially in (A.6) below, and qAb%)t and g%sf)l denote the leading influence
functions of F; O _ g F? and )\( ) — (H®)=1X), respectively. Let r%)t Ft@) — HO'FY — ésﬁf)t and

5\61 = )‘(6) (H ] (6))71)\? - ¢A7i where ¢ > 0. Then

~(O) ~ . ~ (0 I'ra ~ (0
NVEO = [N+ 60+ 0] [AOF +6p+ 0] = X 40P, (A

¢ ¢ £
where ngt) = ng,Z»t + Ué,ztv

S AV (EON D AV (EOY O L R A0, and

¢

77§ 27& = F'HYg
¢ . . ROIR(

77% zt = ¢A,¢ ¢F,t + <75A,i TF,t + ¢F,t TA,)Z‘ 7"5\)1 7'1([«“35 (A.5)
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Let gt = 1 — gi and

€§f) = €itgit + m(ffl)?m, (> 1. (A.6)

By (A.4) and (A.6), we have

2 (=1)1 ~

X = OF +eu) gu+ X E Vg = (W + i) gt O\ +ny) gu = N FP+2l). (A7)

This expression will be used repeatedly in the following derivation.

The following three lemmas are used in the proofs of Theorems 2.3 and 2.4. When Lemmas A.3-
A5 hold for £ = 1, Theorems 2.3 and 2.4 also hold for £ = 1. With the results in Lemmas A.3-A.5
and Theorems 2.3 and 2.4 for ¢ = 1, we can show that they also hold for ¢ = 2. This procedure is

repeated until convergence which requires £ to be at most of order In V.

Lemma A.3 Suppose that Assumptions A.1-A.5 hold. Then for any £ > 1 we have

(i) max; ( &sﬁf;”H — Op((N/In N)"1/2) and max; ‘A“ ”H — Op((T/InT)1/2),
(i) max; |Ag;1)H = Op(T71/4(5 2 InT + T-1311/%) and max; H"’A H = Op(N72/45, 2 In N),
(111) max; ¢ Hnl it )H = 1+7/2 In N) and max; ‘7]2“5 H =0Op (5N2TlnN)

1)
Zz 1¢Az AO,gzt

(iv) max, ‘N i=1 ¢Az €ztgth =Op (T /4 4 5% InN), = Op(T—1tm/4

+N72/45 2 In N), and max; H ~ SN 1(\61 1))\0/9175 =Op (51_\/T InN),

%Zt 1 C}ﬁgt I)Ft git|| = Op (51_\,T In N + N_1+72/2) and max;

Op (5]7\727« In N)

(vi) max; + LSV 1‘
+7'1n N)

£-1) _

(vii) & NT DIARD AN 1"‘HF0U lngt = 0p (0y7) -

(viii) ST FOSTN Y SS 'is = Op (6y7InN),

(i) mae ||y Sy FO S 0ty D gicisgis]| = Op (T4 4 (NT/ 10 N)Y2),

(a) || S, FOS agun’ V| = O (1104 4 532 ).

Lemma A.4 Suppose that Assumptions A.1-A.5 hold. Then for any £ > 1 we have
(i) TUFO(NT) P XOXOFO = DO = D 4 Op (63 1n N),
(i) T~ 1F VFO=Q+ Op (53 InN),
(iii) HO = Q~ +Op(5NT1nN),
(iv) S (B = HOEEY = Op (5377)
VST (B0 - BOED| = 0p (V5 4 52 ).

(v) max;

1 N~T A(6-1) mor =
T D t=1 Try  Ft Git

(¢~ 1)H = Op(T~"M/24-N=1In N) and max; = >°/_ 1‘

(e~ 1)H — Op(N—1+72/2

(v) max;

Lemma A.5 Suppose that Assumptzons A.1-A.5 hold. Then
(i) by = D7 QBp, + (1 - q>¢pt + Op (T4 T + T-17/4),
(ii) (z)A,)i ( )’WAZ +1-q)dh, +OP (N72/45 TN 4 N7/
where Bpy = « ZZ 1 Neirgir, and Bri=T thl FPeitgit.
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~ (£ ~ (€
The proof of Theorem 2.4 below suggests that gb})t and gbs\’)i are associated with the leading

influence functions of Ft(e) — HO'FY and 5\1@ — (H®)=1)X), respectively.

Proof of Theorem 2.3. The proof follows closely from that of Theorem 2.1 and we only outline the
main differences. From the identity FO = (N T)fl XO X @O 0 HO-1 where DO is asymptotically
nonsingular by Lemma A.4(i), we have by (A.7),
Ft(é) —HYE = DO 1ZF Z {szt a(e) FY)\9¢ §t) + FY )\ ES)} = dg? agt) + a( ) (A.8)
=1

. . 2
Then T 7, HFt(Z) - H(e)’FtOH <3y Tt Zle(dl(f))2 by the CS inequality. For dg?, using

4 -1
61(75) = gigit + nz(t )

g ] <
t=1

git and the CS inequality, we have

T 1 N 2
s Z F -~ Z EitGit€isGis
T o N —

T
t=1 s=1 =1
. 2 L 2
-1) 2 0-1)
Z Z cinginly gis|| + T > FS(K)N > D gucisgis
= N3 s=1 i=1

= 4(14171 + ALQ -+ A1,3 + A1,4)7

where we suppress the dependence of A;’s on (. Following the analyses of 71 Z;‘F 1 lai]|? and
~1S°T | Jlage]|® in the proof of Theorem 2.1, we can readily show that A;; = Op (657) - For Aj s
and A173, we can apply the fact F©F® /T = I the CS inequality, and Lemma A.3(vii) to obtain

T 2
A1,2 S TE Z Z ( thil gztnzs b gis) < R { NT Z Z } - OP (%?/%“) ’ and
R t::rl ; 1 2 p NI - N T
Al,S < T2 Z Z (N Z Eitgitm(ﬁl)gis) S NT Z Z |€ztgus! Z Z (5]7\%1
t=1 s=1 =1 =1 =1 s=1

Analogously, Ay 4=0p (5 ) It follows that A; = Op (5 ) For agi), we have
T . o2 L I N 2 R T
71 Z D(Z)&zt H — 71 Z T Z ZFO//\? e\l _2 Z
t=1 t=1 s=1 = =1
R 1 * 9R ?
< s Z Z (N Z FSO/A?eitgit> =+ T2 Z Z (N Z FO’/\Onzt gn) .

s=1 t=1 =1 s=1 t=1

T T 2
SESWEREY

t=1

[\

By the analysis of 7! Zthl ||as¢||? in the proof of Theorem 2.1, the first term is Op(65%)- For the sec-
ond term, by the CS inequality and Lemma A.3(vii) it is bounded above by 24 Yot |FY )\?HQ

-1 — —
XNT Lit Sy V)2 = Op(3%). Then T 01
. 2 R R 2
that 71 3], HD“)&%)H = Op(dy%)- In sum, we have shown that 7! ST HFt(f) - H(E)’FtOH
= Op(0y7). ®

2
&é? H = Op(0 %) Analogously, we can show
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Proof of Theorem 2.4. (i) Let fl(f) DU )al(t) for | = 1,2,3. By the decomposition in (A.8) and
Lemma A.4(i), we will bound Al( ) for 1 = 1,3 and find the leading influence function for A( ). For
Ag?, we use Fs(z) = (FS(Z) — FI(@’FO) H(e)’F0 to make the decomposition

T
. 1 . . ) PP
Agi):NTZ(F — H! IFO Zgzt Ezs +H£)INTZFOZ€%)€ EA H()A(t)2
s=1
It is easy to show that flgt?l is of smaller order than 12182. We focus on the study of Ag?Q By (A.6),

AL —1) (I—1)_ _ —1) _ —1)_
we have Agt)2 = NlT Zg 1 Fs 0 ZQN 1(Eit€isGitis + nﬁt )7753 )gitgis + Eitgz‘tngs )gis + m(t )git5isgz's) =

Zl 1 1t o;- By the analysis of Ay;2 and Ayo in the proof of Theorem 2.2(i), max; Hflg?gl
Op (T~1/4 452 In N) . By Lemma A.3(vi)-(vii) and the CS inequality,

L 1/2 1/2
N I T O IR O D S s

s=1i=1

max
t
= Op (5;VT(T*1/2+%/4 +(N/1n N)*1/2)) .

By Lemma A.3(ix)-(x), A(t)23+‘4gt)24 = Op (T~141/4 4+ 532 In N) . Thus Agt)2 =O0p (T7H/* 1 632 InN)
and Ag?A: Op (T‘1+71/4 5N2T lnAN) ) ) )
For Ag?, we apply (A.6) and B = (F( ) _ o F9) + HY' FO to make the decomposition

T T N
NC 1 ~ —1) _
Agt) = NT ZF ZAO ,sgsttO/ Z )ZAO'UES l)gisFtO
s=1 =1 =1 i=1

O S E 3 Al = (A ALY VA o

Following the analysis of A1 and A4 2 in the proof of Theorem 2.2(i), we can show that qu =
Op (51_\721“) . For flg%, we have by the CS inequality, Theorem 2.3 and Lemma A.3(vii)-(vii)

2y 1/2
3] = gzl -rao|{F [ Sovon] |
, LN 1/2
< O0r (i3 {Nzu NI 7y 30 | = 0n 65
slzl

=0Op (6N2T) It follows that max; HA H = maxy HFtOH

A0
and HAi(a:)«}H < Hﬁ Zle Zz 1 FO)\OITIES )gzs
xOp(0n7y) = Op (T1/4632) .
It follows that

A 1 1
= \/]_V[D(E 1)] lTF(f 1) /FO Z)\Z €5 gzt+OP<\/_<T71/45]—V,QTIHT_._T71+3'yl/4))
=1
- DilQ\/]_VﬁF,t +(1 - )\/_¢ +0P(\/_<T71/45]—V2T InT + T30 /%)),
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where the remainder term Op(v/N(T71/463% InT + T~1371/4)) holds uniformly in ¢. This, in con-
junction with Lemma A.5(i), implies that

Y = D'QVNBp, + (1 - @Iy + Op(VN(T/ 4632 InT 4+ T~ H+30/4))
/-1

= DT'QVNBp Y (1-q)° + (1 - @) Y +0p(1)
s=0

4N (O,Dlelﬁlg,t (q) Q'Dil) as (N,T,¢) — o0

1) Let e e the 1" x matrlx Wlt t,1)th element given by ¢;,”. Noting that AOr = L x ,
0D L ® be the Tx N . ith Nth el . b z(f) Noti hat A©) }F(f)’X“)
X(é) — FOAO’ + g( ) and Zt 1 (E)/ = IRa we have

7

O _ o1y 0L (0 [ (0 (0 Fr(e)—1 or _ @O gr0)—-1y] 0 _ Fr(H)—140
AN fO-1N0 = Tq;Ft {ait+[Ft HO 4 (5 — B )])\Z} HO-1)C

T
( o Ft(f)/ﬁ(e)fl)gz(f) + % Zpt(e)(ﬁ(e)/Fto o Ft(ﬁ))lﬁ(é)fl)\?

= BY 4 B“) +BY.

By Lemma A.4(iv)-(v), we have max; ‘ Béf) ‘ = Op (N7V/2+02/46 L 4+ 632 In N) and max; B:(,n) =

max; HA H Op (5NT) Op (N72/45NT) It follows that
19 = VT (A~ BON) = VTBY + Op(VI(N 24533 n N 4+ N-H912/4))
_ -1
= Q) VTBpi+ (- ) VTdy; +op(L),

where the remainder term Op(vT(N72/453% In N + N~1+372/4)) holds uniformly in i. This, in con-

junction with Lemma A.5(ii), implies that

) = (@) 'WTBy+ (1 g1l " + Op(VIN™/45 2 n N)

1T
-1
(@) VTBA; > (1= q) + (1= @) I + Op(VI(N2/ 4532 In N + N~1+302/4))
s=0

4N (0,(Q) ' B1yi(9) Q) as (N, T,8) — oo

(iii) By the proof of (i) and (ii) and as in the proof of Theorem 2.2(iii), we have

NG f)

e = = NVED - XF = X (EOYVED - HOF) + BN - 2O-L)

_ %)\0/( HOYN(ED — 0RO & %Ftwﬁ(e)ﬁo\l@ _ O-1)0

+0P((N72/4 TV1/4)(NT)—1/2)

. 1 P
— \/_)\?’( AN+ ——FYEOTY 4 0p(1).

VT

Then we have (%leﬁ + %21/\, it) " 1/2(0() Cg) — N (0,1) as (N,T,¢) — oo, where X1 =
AYE 0 g (0) E0 AY and Sqa = FYS 0 ®@1g, (¢) Spo Y. A

To prove Theorem 2.5, we need the following lemma.
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Lemma A.6 Suppose that Assumptions A.1-A.6 hold. Then
(i) max kS0 e — ul® = Op(N-412/2 4 T T),
(Zl) max; ¢ |ézt — Eit‘ =0Op ((T71/2+71/4 + N71/2+72/4)(IHT)1/2) =op (1) ,
(iii) Hzg - ngSp —op(1).

Proof of Theorem 2.5. To show lA)*lfgztIA)*l 2 D71QT,4 (9) @ D71, it suffices to show that (i)
D=1 2 D1 and (i) fgzg)t 2 Qry,+Q'. (i) holds by Lemma A.4(i) and positive definiteness of D.
To show (ii), we recall that f‘g?t = NLQQZA\’EQA and I'ig s (¢) = Iimy—oclMigen (q) , where I'ig v (q) =
NLQZAO’ $9A0. Then by the triangle inequality, we have

<

Hrlgt QI AS9A — Q

1 1 1
ryloarenee (- )

Ng? @

+ HQ (Flg,tN (q) - Flg,t (Q)) Q/Hsp

The last term on the right hand side (rhs) of the last expression is op (1) and the second term is
Op((NT)~/2) by noting that § — g = Op((NT)~/2). For the first term, we have

‘A’A 'b gH[A—AOQ’]“ . +HQA°’ ~s9A +HQA0’29[A xQ|
AOQH <4+ HA AOH O 1” +% HAO H = op(1) by using
the expression of \; — HO=1\Y in the proof of Theorem 2.4(ii) and Lemma A.4(iii). In addition,
Hzg Sl + Hzg ~%|| = 0(1)+op(1) = 0p (1) by Lemma A6 Tt follows that
vl -warsl < o] Nl/z Al 57 I3 - 2l
< Op(1 )N1/2 {HA AO(fr(On) 1 p+ HAO [(ﬁ[(z)/)—l _Q/} Sp} =op(1).

Similarly, by Lemma A.6, we have J{[HQAO’(EA}‘? — 29 Ay, < 1@, N}/2 HAOHbp ﬁH[\Hsprlg -
Y9y = op(1). By the same token, we have 1||QA0’29[ — A°QN||sp = 0p (1). It follows that
FIASIA — QAYSINQ ||, = 0p (1). W

B Proofs of the main results in Section 3

In this appendix, we prove the main results in Section 3 by calling upon some technical lemmas and
theorems whose proofs can be found in the online supplement.

To proceed, we introduce some notations. Note that the true number of factors is assumed to be
Ro but the working model is given by X = F (R) A (R)' 4 ¢ (R) , where we make the dependence of
F and A on the assumed number of factors (R) explicit and £ (R) = X — F (R)A(R)'. As in Bai
and Ng (2019a), we want to establish the connection between the usual principal component (PC)
estimators of the factors and factor loadings and the SVD estimators.

Let X* = Po-X. Note that Cp = SH(%PQ*X, R) = URSRVIQN Ur and Vi are respectively

the eigenvector matrices of ]%X *X* and I%X * X* associated with their R largest eigenvalues, and
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the diagonal elements of i%—i are the R largest eigenvalues of p%X *X*. Let F® and A® denote
the conventional principal component (PC) estimators of F'(R) and A (R) under the normalization
restrictions that T-'F (R) F (R) = I and A (R)' A (R) =diagonal matrix. It is well known that F'%
is given by v/T times the normalized eigenvector matrix of I%X *X* associated with its R largest
cigenvalues and AV = (F/ pRy-1 1/ %X * = R TLpX *. This indicates that

FE = /TUp. (B.1)

In addition, we consider the full SVD of %X* : %X* = UV = IV 4,4.6,. Then %X*’f] =
VY/U'U = V3. This implies that
VT

"~ 1 -
VrXp = -X"Up = —
P Tp

X*FE = TAE, (B.2)
(B.1) says that Ug is a scaled version of Ff and (B.2) says that each column of Vj is a scaled version

of the corresponding column of A%, It is easy to see that
TnSaVl — FRAR. (B.3)

That is, both the SVD and the PCA yield the same estimates of the common component once R
is given. Following the lead of Bai and Ng (2002), we consider a rotational version of FR . PR —
(NTpZ)_l X*X¥FE. Let Hip = (N"'AYAQ) (T~ FYFR). The properties of I can be established
along the lines of proofs in Bai and Ng (2002) and those in the proof of Theorem 2.1 in the presence
of random missing values.

Alternatively, we can consider the PC estimation under the normalization restrictions that N A (R)’
A (R) = Ig and F (R)' F (R) =diagonal matrix. Let F'® and AT denote the conventional PC estima-

tors of F'(R) and A (R) in this case. Then following the above arguments, we can show that
J_XR = \/NVR, 0}{2]{ = \/NFR, and ﬁRin/}g = FRAR,. <B4)

Following the lead of Bai and Ng (2002), we consider a rotational version of A : A% = (NTp?) XY X*AR,
Let Hop = (T~ 'FYFO)(N-TAYAR),

Finally, let Dy denote the R x R diagonal matrix that contains the R largest eigenvalues of
(NTp?)~1X*X* arranged in descending order along its diagonal line. Note that Dy = (NT)™* f]QR.
Recall that g}, = 1{(i,t) € Q% } and g, = 1{(i,t) € Q*}. Let G* be the T' x N matrix with (¢,i)th
element given by gj;. Define G* analogously. Let e,r denote the rth column of the R x R identity
matrix [g. Similarly, e,y and e,7 denote the rth column of I and I7, respectively. Note that 4, =
ﬁReTR and v, = VReTR, r =1,..., R, denote the rth column of UR and VR, respectively. In addition,
Cr=3"F 445,

The proof of Theorem 3.1 needs the following three lemmas.

Lemma B.1 Suppose that all the conditions but Assumption A.7 in Theorem 3.1 hold. Then
L o2
(i) + |VTOrDR ~ FOiin| = Op (63%).
. o2
(ii) % H\/NVRDR — A0H2RH =0Op (5;\7%) .
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Lemma B.2 Let 6, = (NT)*l/Q(}T. Let 02 denote the rth largest eigenvalue of Y poXao0 for r =
1, ..., Ryg. Suppose that all the conditions but Assumption A.7 in Theorem 3.1 hold. Then

(i) 32 = 02+ Op (0ny) forr =1,..., Ry,

(it) 6%y = Op (5]_\,2T) forr>1,

(iii) OGR4 = Co + 0p (1) for some positive constant ¢, and any v > 1 with Ry +1 < R.

Lemma B.3 Let 4, and ¥, be the rth left and right singular vector of %X*. Suppose that all the
conditions but Assumption A.7 in Theorem 3.1 hold. Then for r = Ry+1, ..., Ryax, we have @.F° =
Op(8yr) and 0.A° = Op(§3).

To proceed, we define some notations. For a real matrix I, recall that ||I'|| and ||I'||, denote its

Frobenius norm and entrywise Lo, norm, respectively. We use ||I'||, to denote the nuclear norm of

I', which is defined as the summation of the singular values of I'. For a nonzero matrix I' € RT*V,

we define two measures to control its spikeness and rank. First, we define the spikeness ratio as
agp) = - Nﬂlﬂ , which satisfies 1 < a,(I') < VNT'. The lower bound can be reached when all

the entries of I' are the same, and the upper bound can be reached when there is only one nonzero

entry in I'. Next, we define a tractable measure of how close I' is to a low-rank matrix via the ratio

Bra(l) = HHI;HH*. Note that 1 < 3,,(I') < dn7 = VN AVT. Let d = (N 4 T)/2. Define the constraint

set
Cnr(co) = {r € RVT T £0 | ag)(T)B,0(T) < Clo, / dﬁgd} , (B.5)

where ¢ is a universal constant. For a low rank matrix I' € Cy7(cp), the constraint requires it to be

not very spiky.
The following two theorems are needed to show that the probability of overselecting the number

of factors is approaching zero.

Theorem B.4 Let G be a T X N random matrixz with all entries i.i.d. from the Bernoulli distribution
with parameter p € (0,1). There are universal constants cg,c1,c2, and c3 such that

1 1 czasp ()
—T'od| > =|I 1 — ———=
H\/ﬁ ° H—8” ”{ VNT

with probability greater than 1 — ¢y exp(—ceNT logd/d).

} for all T € Cnr(co)

Theorem B.5 Let G be a T'xX N random matrix with all entries i.i.d. from the Bernoulli distribution
with parameter p € (0,1). Then

FSélp ITo[G— E(G)]Hsp =Op (clNT + canT + 63NT\/(N +T)loglog (N +T)+ 1/log(N + T)) ,
cCinT

where Cinyt = Cint (cinT, conTs cant) = {0 € RVXT | T = UV, U € RT and V € RY are vectors
such that ||U|| = |V =1, U]l < cints [V loo < conts |U]loo Vsl < canr}
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__ N _ 2
Proof of Theorem 3.1. Noting that X = C° + ¢, we have CV (R) = = H(X —CR)oG*

~ _ 2 _ B ) . i o
7 | = Cwo G 43 oo &P+ Fpurl [(€0 - Cr) oG] (0 G)'} = OVi(R) + OV +
2CVs (R) , where CV 4 does not depend on R. Then

CV (R) = CV (Ro) = [CV1 (R) = OV (Ro)| +2[CVs (R) - Vi (Ro))| (B.6)

It is sufficient to study the asymptotic properties of CV (R) — cv, (Rp) and CV3 (R) — CV3 (Ro)

under the under-fitted and over-fitted cases, respectively.

We first study the under-fitted case where R < Ry. Noting that || A||*—| B||* =tr(4’A — B'B)
= tr{(A— B)' (A— B)} +2tr((A — B)' B) , we have

CV1(R) ~ CV1(Ry) = (Cr—Cry) o G

| "+ o] [€n - Cu) o] [(En, - 906}

= OV (R)+2CViy (R). (B.7)
Noting that Cr, — Cr = ZfﬁRH Up 0y, Gy = UryerRy, Or = VRe€rRy, and &, = (NT)"'/%5,, we
have
N . Ro i 2 . R, ) i 2
CVit(R) = = ( > arﬁ;@) oG =7 ( > UROeTROe;,ROVJgOa—T> o G*
r=R+1 r=R+1

2
(B.8)

. - ¥ ) = Yk
- T (Z (\/_URODRO) 2 CrRoCr Ry R;(\/TVRODRO),UT>OG

r=R+1

Let S1R = \/NﬁRDR - FoﬁlR and SR — \/NVRBR - AO_[::TQR. Then \/NﬁRODRo = FOIjllRO + S1Rg
and \/NVRODRO = AOEIQRO + G2R,- It is easy to apply Lemma B.1 to show that

Vi (R)
1 i ’
= ﬁ ( Z F HlRo + glRo) A?‘R() (A HQR@ + g?Ro) ) oG*
] 2
- NT (T ZR;LI FOHipyAr gy Hyp A" ) 0G| +Op (3nr)

1
N

I
S
Mz
]~

2
LR A B AYe s | @ -
( Z eirF  Hiry Arro Hapy A eiNURo> gi + Op (Oy7)
=1 \r=R+1
1 T Ro Ro

o A a0 07 / 0 77 Al ! 0 / ol v <~
= NTZZ Yoo >t {HlRoArRonoA ein€e;NN Hopy Ajg, Hig, F erreyp F }Urazgft

i=1 t=1 r=R+11=R+1

=1t

ror m)
1 N T
= Z Z vec HlRo TROHQRO {ﬁ Z Z[(AOlez‘NegNAO) X (FOletTeéTFO,)]g;t} &T&l
r=R+11=R+1 i=1 t=1
XVQC(FIlROAlROFIéR ) + OP (6NT) (BQ)
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where A,z = Dlgler RE.. RD}?, g5, = 1{(i,t) € Q% }, and the last equality follows from the fact that
tr(A1AsAzAy) = [vec(A1)] (A2 @ Alj)vec(AS) and the Fubini theorem. Now using g}, = (1 — p) +
[35; — (1 —p)] and the fact that g}; are i.i.d. and independent of (A%, F) | we can readily show that

N T
1 1 1—p
NT Z Z[(AO /NezNAO ) ® (FO@tTetTF NG = Z Z AO ,NezNAo,) (FO@tTeéTFOI)]
i=1 t=1 i=1 t=1

+0P((NT)—1/2).

It follows that

Ro T
== 1
CViu(R) = Z Z vec HlRo rRoH2Ro {ﬁ Z Z[(AO’&'N@’;NAO/) ® (Fo’etTegTFOI)]}
r=R+11=R+1 =1 t=1
XVQC(ﬁlROAZROﬁéRO)&Tﬁ + Op (5]_\]171)
1— Ro 2 Ro
= 7 || 2o O] +0p (o) =1 -p) Y (NT)"'57+O0p (0y7)
r=R+1 r=R+1

Ro
= (1-p) > o2+0p(0yy),

r=R+1

where the second equality is obtained by reversing the operations in (B.9) and (B.8), the third
equality holds by the fact that U j%U r =1 and f/éf/R = IR, and the fourth equality follows because
(NT) 162 =02+ Op(8y) for r < Ry by Lemma B.2(i).

Following the proof of Theorem 2.4, we can show that w7 H (co—C R,) © G*

1 0
<o

. s s _ 2 V2 -
= Op (333). Then |CV 13 (R)| < {ﬁ |(Crn—Cry) oG } {W |(c0=Cny) oG }
Op (1) Op (8'r) = Op (33y) - Tt follows that éT/1~(R) —CVi(Ro) = (1-p) 0, 102+ 0p (65%) -
Next, CV3(R) — CV3(Ry) = 5tr{[(Cr, — Cr) 0 G*] (e o G*)/}. Noting that 7 ||e o G’*H2 <
ﬁ ||5H2 = Op (1), we can apply Lemma B.1 and follow the analysis of 5‘711 (R) to show that

Ro
( Z [(FoﬁlRo + glRo) AT‘RO (AOI;’QRO + §2R0)/5-r] © @*) (6 © @*)/}
r=R
Ro
( [F HipyArpyHy g A5 7«] o G‘*) (eo G*)/} +Op (63y)
1 A L
= ﬁ Z Z tr (egTFOHlROATROHQROAO/QN) éreitg;‘t + Op (5]}171)

Ro N T
o - o 1 % | v —
— E tr <H1R0ATROH§RO NT E E Ao,ez‘Ne;TFOEitgit> &+ Op (O7)

r=R+1 i=1 t=1
Ro
= (1- Z tr <H1ROA7~ROH2RO NT ZZAO/C’@NE 7 F ezt> or + Op (5NT) Op (5N1T)
r=R+1 =1 t=1
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where the last line follows from the fact that 5= SN S AYenel FOsiy = 7 SN ST N EYe, =
Op((NT)72)

In sum, we have shown that when R < Ro, CV (R)—CV (Ro) = (1—p) f:ORH 02+ O0p (5]_\[171) .
This implies that P(R < Rg) — 0 as (N, T) — oco.

Now, we study the overfitted case where R > Ry. We continue to use the decompositions
in (B.6) and (B.7). We first study CV1; (R). When R > Ry, D' # Op(1) and thus A,p # Op(1).
This implies that we cannot use similar arguments as used in the case where R < Ry. In addition,
Cr— C’RO is not independent of G*, which further complicates the analysis. To tackle the problem,
we call upon Assumption A.7. Let Tp = Cg — C~’RO. By Assumption A.7(i), we have HfRH <
Zf:ROH r/(con/(N +T)log(N + T)) with probability approaching 1 (w.p.a.1). In additiomo,o by

R ~ = R ~
— (CF g1 52 and ||| = S i 6v

the definitions of Frobenius and nuclear norms, Hf‘ R
By the Jensen inequality and the fact that R < Rpax,

”NTHFRHOOHFR o < Bmax — Ry NT _1 NT
HfRH? - (N+T)log(N+T) ~ &\ dvrlogdnr’

where dy1 = %(N +T) and & = v2co/(Rmax — Ro). Therefore, i€ Cn7(¢) w.p.a.l. Then we

can apply Theorem B.4 and the fact that HfRH /HfRH = op (1) to obtain that H \/ll—fR o G*|| >
o —p

LT 1. Tt follows that OV (R) = & [Fro || > o d |fgl* = Lok &2
i6 ||* R|| W-P-a-L. oliows tha 1 (R) = §7|ro Z 356 NT ||* B|| = 256 Zer=Ro+19r
w.p.a.1, where 2 = Op (6]7\%) for r = Ro+ 1, ..., Rypax by Lemma B.2(ii). Then by Lemma B.2(iii)

we have plim(N’T)Hooé?VTéT/'n (R) > (R — Ro) 12%500 > 0.

Next, we study 5‘712 (R) . Noting that Tp=Cg— C’RO = ZTE:R()"Fl U, 0,.0,, we have E'T/H (R) =

~ _ ~ _ 7/ ~ ~ _
ﬁtr{(ra ° G*)|(Cr, — C%) 0 G| } = S8 o1 Bt { @) |(Cr, = C%) 0 G*| } = 527 4 4y Vi,
In addition,

1 ~ — _
tr < (@,9,) (Cry — C°) ¢ = tr { (@,0,)'C%} =
\/W {( 7‘)( Ry )} m {( 7") } \/ﬁ
where the first equality holds by the orthogonality between #, and C’RO for r > Ry and the third
equality holds by Lemma B.3. It follows that C'Vig, = %tr{(mﬁ;)’ [(C’RO —-C%o G*} } =CVygr +
Op(03L.), where TV 1y, = — ;;thr{(arﬁ;)' [(ORO — %o (G — E(G*))} } . Note that

tr {u, FOAY5, } = Op(6y7).

- 5‘7. 1 g ~ ~/ * *
[CVir| = e[ {(Cny = ) [(mit) o (@ — B(G)] |
1 ~ -~ * *
< OP (6711“) W HCRO _COH*H(UTUT)O(G _E(G ))qu
< 0p(032) sup IT o (G* — B(GY),, = op (532)

reCinr(cinT,c2aNT C3NT)

the second

where first inequality follows the fact that \/‘i\;—T =0Op (6]}1T) and [tr (AB)| < [|A]l, | B[, »

inequality follows because \/% HC’RO -0 . < 3\/% C’RO — COH =0p ((51_\,%) and the last equality
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holds by Theorem B.5 with ciy7 = o(1), conr = o(1) and csyr = 1/y/(N +T)log(N +T). Then
we have E'T/H (R) =op (5N2T) .
Now, we study CV3 (R) — CV3 (Ro) . Note that

CV3(R)—CVs(Ry) = %tr { |:(6R0 - C’R) o @*} (eo @*),}
R ~
- Y Tl (oG =m Y Zil(coG)h
r= R0+1 T—R0+1
= Z Zutrvzrgzt gzt = — Z C‘/Sm
r= R0+1 r=Rop+1

where - and ;- denote the tth and ith entries of 4, and ¥, respectively. Noting that &% /(NT) =
Op(d5%), we have

5'2

EDNT [C‘/327"] = NTTNT Z Z utTUZTuSTUjTEDNT(e’Ltgjs)
(zt)EQ (4,5)€Q%

S O 5]_\[71 2N Z Z utrvzr + usrvjr) |EDNT <€1t€]5)|
(1,5)€Q* (4,5)e]
= OP((S;V%[)W Z a%r 127" Z |EDyr (5it€j8)|
(i,t)et (4,8)eQ*
9y 1 .
< Op(szT)ﬁ (irg)lgg_lc* Z | Bpyr (€itejs)| = op(Oy7),
T Ge)ey

where Ep,, (1) = E(-|Po-X,Q"), the first inequality holds by the CS inequality, the second in-
equality holds by the fact that 3_; eQ* @292 < |la.]? |5-]* = 1, and the last equality holds by
Assumption 7(ii). Hence, C'V3, = op(5 1) for each r € (Ry, R] and CV3 (R) — CVs (Ro) = 0p(6 30)-
It follows that

R—Ry)(1-p)
256

plim(N,T)_)ooé?VT [6\'1// (R) — cv (Ro)| > ( ¢ > 0 for any R > Ry.

This implies that P(R > Ry) — 0 as (N,T) — co. This completes the proof of the theorem. W

Proof of Theorem 3.2. The proof is essentially the same as that of Theorem 3.1 given the
results in Theorem 2.4. Here, we only outline the major differences. Let X* = X)), Noting that
C’R =38 H(X *'R) = UREI Rf/é, UR and VR are respectively the eigenvector matrices of X*X* and
X* X* associated with their R largest eigenvalues, and the diagonal elements of EA]%% are the R largest
eigenvalues of X*X*_ Let F® and AT denote the conventional principal component (PC) estimators
of F (R) and A (R) based on X* under the normalization restrictions that T~'F (R)' F (R) = I and
A (R)’ A (R) =diagonal matrix. Let £ and A® denote the conventional PC estimators of F' (R) and
A (R) based on X* under the normalization restrictions that N~1A (R)' A (R) = I and F (R)' F (R)
—=diagonal matrix. Let Hig = (N"TAYAN)(TTAYFE) and Hyp = (T-1FYFO)(N-1FYAR). Let Dp
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denote the R x R diagonal matrix that contains the R largest eigenvalues of (NT' )*1)2 * X arranged
in descending order along its diagonal line. Note that 153 = (NT )71 22

-1 2 _
1(%%,( Zt Cg: =Op (5N2T) :
With this result, we can show that the results analogous to those in Lemmas B.1-B.2 hold: (i)

A~ A .. 2 ~A A .. 2

. ]x/_ UnDr — FOHin|| = Op (633), (i) % |VENVRDr — AHan|| = Op (5:3) , (Gil) 62 = o2 +
Op (5 ) for r = 1,..., Ry, (iv) &%OH = Op (61}%) for r > 1, and (v) 5?\@&%0“ > ¢y +op (1) for
some positive constant ¢, and any r > 1 with Ry +r < R, where ¢, = (NT)_1/2&T. Noting that

Following the proof of Theorem 2.4, we can show that <= Zl DY

X = C° + ¢, we make the following decomposition

CV(R) = % H(X—CR)O

—CR)o G*

g lee @l g {[@ -wed] o6}

NT H( NT

= 6‘\/1(R)+(/j‘\/2+26‘\/3(R).

Then we have C'V (R) — CV (Rg) = [CV1 (R) — CV1 (Ro)] 4+ 2[CV3 (R) — CV3 (Rg)]. When R < Ry,
we can follow the proof of Theorem 3.1 and apply the above results in (i)-(iii) to show that

CV1(R) = CVy(Ry) = Z o2+ Op (65%) and CV3 (R) — CV3(Ro) = Op (63%) -
r=R+1
Then CV (R) — CV (Ro) = (1 —p) X704, 02 + Op (35%) and P(R < Ry) — 0 as (N, T) — oc.
Similarly, when R > Ry, we can follow the proof of Theorem 3.1 and apply the above results in
(i)-(ii) and (iv)-(v) and analogous results to those in Theorems B.4-B.5 to show that

R
— — 1— . B — — B
CVi(R)—=CVy(Ry) > ( 256p ) Y 57+ 0p (55%) and CV3(R) — CV3(Ro) = op (5y7) -
r=Ro+1

Then plim(y 7007 [CV (R) —CV (Rp)] > EHIIP) ¢~ 0 and P(R > Ro) — 0as (N,T) — cc.

This completes the proof of the theorem. H
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